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PEEFACE.

THE present volume on Hydrostatics and Hydro-

dynamics was written by the author as a supplemental

part to his Elementary Treatise on Hydrostatics, and

was completed in the year 1880.

The author was unable during his lifetime to pub-
lish this work, being 81 years old when completed.

He entrusted the manuscript to my care, requesting

me to do so after his death.

The manuscript is therefore published with as little

alteration as possible. In fact the only alterations

that have been made are found from page 207 to

page 222, where the modern names of chemical sub-

stances are used.

M. C. POTTER.

ST PETER'S COLLEGE,

CAMBRIDGE.



PKEFACE.

THE sciences of Hydrostatics and Hydrodynamics are founded

like other physical sciences on experimental determinations of

the properties of bodies ; solid, liquid and gaseous.

In discussing the ordinary problems of the rest and motion

of fluid bodies, the simple laws or properties of fluids are

required to be known, but when we attempt to solve the higher

problems of the motions of fluids we find that the nature or

constitution of fluids must be considered as known also. In

this manner it was found by Lagrange that in proceeding

analytically by the older rules for the motion of bodies, there

was required an additional equation for the solution of problems
of hydrodynamics ;

and he formed this equation on the theory

that whilst fluids remain continuous, an elementary portion

may change its form, volume, and density, provided the mass

remains constant. This equation is called the equation of

continuity
1
. The theory of sound, the problem of resistances,

and the phenomena of diverging and converging streams of

elastic fluids are still unsolved by this method. The theory

of continuous fluids is consequently insufficient for the true

solution of hydrodynamical problems.

The doctrine of the atomic constitution of bodies and the

necessary consequence that the motion of fluids consists of the

motion of their constituent atoms or molecules, of which each

is capable of motion independently of the others, requires us

to consider them as congeries of atoms or molecules, each being

capable of motion amongst the others on the application of the

slightest force or additional force to it.

*
Mecanique Anahjtiqne, Vol. 2, p. 338.
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When a body is at rest, and equilibrium exists, the atoms

or molecules must be in symmetrical arrangement, and if then

a displacement is impressed upon any one and when the cause

of displacement ceases if the atom or molecule returns to its

first position, then the equilibrium is stable and the body
a solid body; if it remains in its displaced position, then the

equilibrium is neutral and the body a fluid body; but if the

atom or molecule moves further from its first position, the

equilibrium is unstable and the body ready to change its

state, and might be explosive. Soft, viscid and semifluid

bodies may be considered to be in intermediate states, having
in large masses more or less of the properties of fluids, and

in small masses those of solids, as capillary attraction.

It is argued that if ice, water, and steam have the same

material particles and that they are in contact in ice, then

unless by some most improbable rearrangement they cannot

be so in steam, and that porosity must be an admitted property

of material bodies. The principle of the impenetrability of

matter arises from the evident impossibility of two solid bodies

occupying the same space at the same time; and this must

apply to their smallest solid particles; but with the property

of porosity at the same time, since they are permeated by

heat, electricity, &c.

Dr Thomas Young in his lectures on Natural Philosophy

has a most complete and learned discussion,
" On the essential

properties of matter" in his Lecture XLIX. In discussing the

property of impenetrability, he arrives at the conclusion
" Besides this porosity there is room for the supposition, that

even the ultimate particles of matter may be permeable to the

causes of attractions of various kinds, especially if these causes

are immaterial : nor is there anything in the unprejudiced

study of physical philosophy that can induce us to doubt the

existence of immaterial substances
;

on the contrary we see

analogies that lead us almost directly to such opinion."
" We

see forms of matter differing in subtilty and mobility under

the names of solids, liquids and gases ;
above these are the

semi-material existences which produce the phenomena of

electricity and magnetism, and either caloric or a universal

ether
; higher perhaps are the causes of gravitation, and the
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immediate agents in attractions of all kinds, which exhibit

phenomena apparently still more remote from all that is com-

patible with material bodies, and of these different orders of

beings the more refined and immaterial appear to pervade

freely the grosser."

The discussion leads to the conclusion that there are in the

Universe different kinds or orders of existences, substances,

entities, essences or beings ;
which we may conveniently speak

of as material, aethereal and spiritual existences or substances ;

but when we wish to be correct should restrict the word matter

to bodies which possess the characteristics of mass, inertia,

and therefore weight, by the law of universal gravitation ;
but

these cannot be attributed to all substances.

Nearly seventy different kinds of undecompounded matters,

or simple material substances, are already discovered in the

materials of the earth's crust. How many remain still undis-

covered we cannot guess. We have no means of knowing
how many sethereal substances exist in the universe

;
and with

respect to the spiritual existences we can only conclude that

they must be very numerous.

The agent which is the cause of the phenomena of electricity

we conclude to be sethereal because it cannot pass or act through
a perfect vacuum, and the causes of chemical elective affinity

may be so also. The causes of magnetism, of light and heat,

and of gravitation, acting through dense bodies as well as

through a vacuum, we may conclude to be spiritual existences.

The following passage from Dr Young's lecture is well

worth remembering, for it applies to the present times as much
as it did to his own times :

"
It has been of late very customary

to consider all the phenomena of nature as derived from the

motions of the corpuscles of matter, agitated by forces varying

according to certain intricate laws, which are supposed to be

primary qualities, and for which it is a kind of sacrilege to

attempt to assign any ulterior cause. This theory was chiefly

introduced by Boscovich, and it has prevailed very widely

amongst algebraical philosophers, who have been in the habit

of deducing all their quantities from each other by mathematical

relations, making, for example, the force a certain function or

power of the distance, and then imagining that its origin is
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sufficiently explained ;
and when a geometrician has translated

this language into his own, and converted the formula into

a curve, with as many flexures and reflections as the labyrinth

of Dasdalus, he imagines that he has depicted to the senses

the whole procedure of nature. Such methods may often be

of temporary advantage, as long as we are contented to consider

them as approximations, or classifications of phenomena only ;

but the grand scheme of the universe must surely, amidst all

the stupendous diversity of parts, preserve a more dignified

simplicity of plan and of principles than is compatible with

these complicated suppositions."

The relation of heat to the magnitudes of all bodies requires

to be considered, and as also being the cause of fluidity in

fluid bodies it becomes necessary to discuss some of the pro-

perties of heat in treatises on hydrostatics. The nature of

heat is also an appropriate subject for study at the same time.

The cause of heat was named caloric by the great French

chemist Lavoisier, and as an sethereal or spiritual fluid to be

an essential part of all matter in the state in which we meet

with it. This conception of the cause of heat and temperature

was so consonant to the phenomena of chemistry that it has

generally been accepted by chemists as the true theory. It

was not however the first hypothesis of the nature of heat.

Sir John Herschel in his treatise on " Heat
"

in the Encyclo-

paedia Metropolitana says,
" The vibratory hypothesis which

is usually attributed to Bacon is thus explained in his own

words,
* Calor est motus expansivus, cohibitus, et nitens per

partes minores.' Perhaps this is the same as if he had said

that caloric is a force which is opposed to molecular attraction
;

and that heat is the effect of a vibration produced by these

conflicting forces. Of this opinion were also Boyle and Newton :

whilst Rumford and Sir Humphrey Davy have been its most

recent and able advocates."

The argument, which was considered as unanswerable and

decisive by Count Rumford, Sir Humphrey Davy, and Dr Thos.

Young, and is also at the present time by the advocates and

teachers of the mechanical theory of heat, is this, that an

unlimited amount of heat can be produced by friction between
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the same surfaces of solid bodies, on the application of suffi-

cient force. If the experiments brought forward have been

rightly interpreted we must admit the decisiveness of the argu-

ments, but if, on the contrary, the experiments have been misin-

terpreted we may find them proving the falsity of the mecha-

nical theory of heat, as enunciated by its advocates.

The first experiment to be studied is the fire syringe, as it

is the simplest and proves indisputably that the temperature of

air rises as its volume is suddenly diminished, and falls as its

volume is suddenly increased. The instrument consists of

a cylindrical tube about four or six inches long and a quarter

of an inch internal diameter, closed at one end, and having an

air-tight piston within it with a strong piston rod and handle

by which it can be forced down the tube, so as strongly and

suddenly to condense the contained air. The piston having
the means of attaching to its inner sid'e a piece of tinder, when

it is forced by a sudden impulse to near the bottom of the tube

the tinder is found to be lighted on withdrawing the piston.

As the result of numerous experiments, the author has found

that the piston must not only be forced down the requisite

distance, but must be held down for an instant in order to fire

the tinder with certainty. By heating one end of a rod of iron

to bright redness in a fire whilst the other end out of the fire is

cooler, we find on passing a piece of fresh made tinder along it,

that it takes fire at a part where the iron is sensibly red in the

daylight and of the temperature which will just melt zinc, or

we conclude the heat of the condensed air in the fire syringe

was 700 F. to 800 F. when the tinder was fired.

In -Count Rumford's experiment a blunt steel borer, with

surfaces of nearly two and one-third square inches, was pressed

against the bottom of a cylindrical cavity of 7.2 inches depth
and 3.7 inches diameter, made in the metal of the ingate of

a gun-metal casting for a cannon. The ingate was reduced to

a cylindrical portion 9.8 inches long and 7.75 inches exterior

diameter, connected by a small cylindrical neck to the metal

required for the cannon, and these being set in rotation by the

power of two horses, whilst the end of the blunt steel borer

was pressed against the bottom of the cylindrical cavity with

a pressure of about ten thousand pounds avoirdupois, it was
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found that the temperature of the cylinder was raised in half

an hour from 60 F. to 130 F., when 960 revolutions, at the

rate of 32 revolutions per minute, had been made. The dust

or scales abraded by the borer weighed 837 grains.
" In another

experiment, the cylinder was surrounded by a tight deal box,

fitted with collars of leather, so as to allow it to revolve freely,

and the interval between the cylinder and the box was filled

with 19 pounds of cold water, which was excluded from the

bore of the cylinder by oiled leathers fixed on the borer
;
after

two hours and a half the water was made to boil. Hence

Count E-umford calculates that the heat produced in this

manner, by the operation of friction, was equal to that of nine

wax candles, each three-quarters of an inch in diameter, con-

tinuing to burn for the same time.

"A still more rapid increase of temperature may be ob-

tained, where the relative velocity of the bodies is more con-

siderable, or where they strike each other with violence. Thus

a soft nail may be so heated by three or four blows of a ham-

mer that we may light a match with it; by continuing the

operation it may be made red hot : two pieces of wood may
also be set on fire by means of a lathe. When a waggon takes

fire, for want of having its wheels properly greased, the friction

is probably increased by the tenacity of the hardened tar, which

perhaps becomes the more combustible as it dries."

We may agree with Dr Thos. Young that the cause of the

increase of temperature or development of sensible heat is the

same in all the above cases, and yet disagree with him in the

explanation of the manner in which it takes place. In the

condensation of the air in the fire syringe and the compression

of the soft iron under the blows of the hammer, the altered

state of the bodies is clearly the cause of the rise of their tem-

perature. In the other three cases, of Count Rumford's blunt

steel borer pressed with great force against a rotating surface

of gun-metal, of the two pieces of wood rubbed together until

fire is produced, and of the waggon wheels insufficiently greased,

there is a complete neglect of the effect of the presence of the

atmospheric air under a pressure of about fifteen pounds on the

square inch. The whole three cases are mills for grinding
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atmospheric air under pressure with production of heat from its

condensation, as in the fire syringe. That the air would exist

between the surfaces of two pieces of wood rubbed with pressure

against each other is evident, and in the compression it would

develop a large increase of temperature, first to char one or both

of the pieces of wood, and then to fire them.

A like process would occur at the axles of the wheels of the

waggon when insufficiently lubricated.

In Count Rumford's experiment of the blunt steel borer

pressed with great force against a gun-metal surface in rota-

tion, without lubricating fluid, the wedge-shaped portion of air

approaching the place of meeting of the metals would have its

feather edge brought into a state of great condensation, and the

air passing through the place of approximate contact, with de-

velopment of heat of several thousand degrees, would communi-

cate to the rubbing surfaces heat sufficient to melt the metals

if they had been only in small masses. The heating at the

axles of machinery occurs in this manner.

The heat of 700 F. to 800 F. produced by the pressure

of the hand through the piston of the fire syringe, will lead

us to recognize how some thousands of degrees of heat in cases

occurring in machinery may frequently arise.

The case of a rapidly rotating disc of soft iron, cutting a rod

of hard steel to which it is applied, by first heating and soften-

ing it, the latter is of this kind.

In Sir Humphrey Davy's experiment, where two blocks of

ice were rubbed together under pressure, in air at temperature
32 F., it was found that the ice at parts where the blocks

rubbed each other was turned into water, and he concluded

that the heat required to convert the ice into water was pro-
duced by the friction alone. Now at the commencement of

the experiment, when the blocks were dry, the compression of

the air between them would produce heat as between other

solid bodies in like circumstances, and afterwards the water

produced flowing away, with fresh supply of air, the same result

would go on, and water would be produced whilst the experi-
ment was continued. A property of water was discovered by
Professor James and Sir William Thomson, that the freezing

temperature of water is lower under compression than 32 F.,
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consequently the air at 32 F. around the compressive parts

would melt them.

In Mr Joule's experiments which were performed in the air,

the effect arising from its presence is entirely neglected, and

the phenomena of heating being attributed to the mechanical

force applied alone, as if they had been tried in an absolute

vacuum, the conclusions drawn from them are erroneous.

Professor Pictet, of Geneva, tried experiments to determine

the effect of the presence of air in experiments on friction

between surfaces, and found by using the rarefied air in the air-

pump receiver, that the greater or less density of the surround-

ing air greatly modified the effect of friction. His conclusions

are not in accordance with the teaching of the advocates of the

mechanical theory of heat.

The other experiments exhibited by popular lecturers to

show that heat is generated by friction alone, are treated with

the same negligence and inaccuracy as the original funda-

mental experiment of Count Rumford. Those who wish to

learn the true theories of the phenomena of the universe must

cultivate more critical judgements of the circumstances of the

several experiments than has been exhibited by the teaching of

the mechanical theory of heat.

What is called friction between surfaces of solid bodies

occurs with such difference of circumstances as to render the

explanations of different cases totally unlike. In Count Rum-
ford's experiment as described above where "837 grains of dust or

scales
"
were abraded by the borer in half an hour, the friction

must have been attended by rasping and disruption or tearing

of the gun-metal surface. When metals are briskly filed, the

air near the place of filing has frequently a strong odour of

which the cause has not been yet traced, but which is part of

the physical result, and the condensation with heating of the

air is attended by other results which must some time be inves-

tigated.

That friction with close contact between smooth surfaces

produces frictional electricity is well known. The action of the
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ordinary electrical machines is of this kind, but two smooth

surfaces of glass or two polished surfaces of quartz crystal rubbed

together with pressure and adhesion, and many other cases,

develope frictional electricity.

The light shown in the dark in breaking crystals of sugar

(sugar-candy) or breaking the surfaces of quartz (so beautifully

shown in rubbing together under pressure in the dark two

pebbles of milky quartz) is of another character, and the light

is a phosphorescence produced in the disruption of the surfaces.

The soft iron which has been hammered and become heated,

on being allowed to cool and then on being hammered again
with the same force as before it does not become heated to the

same amount (as it did before), showing that the rise of tempe-
rature was dependent on the condensation in volume explicitly,

and only secondarily on the force employed to produce it.

It is a question to be considered by the chemists who have

received the undulatory theory of light as it was developed by
M. Fresnel, and as it has been received by the mathematical

physicists, what is the definition of caloric in their system of

chemistry.

It is now generally known that the solar spectrum has

different properties in different parts of its length besides those

which affect the retina of the eye with the sensations of light

and colours. From the heat-making rays beyond, and at the

red end of the spectrum, the properties change gradually, but

with the interruptions of Fraunhofer's fixed lines, to the violet

end of the spectrum and onwards through the dark chemical

ultra-violet rays. Now in this gradually changing spectrum the

sensation of vision depends evidently on the properties with

which the retina of the eye is endued ;
and these are not the

same in all individuals, and it is well known that there are

persons called colour blind. There may be eyes of some animals

which give them vision with other rays than those which affect

the human eye. It is found that the rays of the solar spectrum,

whether light making, heat making or chemical, have the same

properties of reflexion, refraction, polarization, absorption, &c.,
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and therefore must be explained by like principles in every

theory adopted to explain their causes.

Those who adopt the undulatory theory of light as developed

by Dr Young and M. Fresnel, namely, that light consists of

vibrations and undulations in a stationary aather pervading the

universe in space and transmitting transversal vibrations, but

which is of different density or of different elasticity within

material bodies to what it is without them, should see that the

agent, medium and cause of radiant heat on their theory must

be the aether, and must be the caloric of the chemists who adopt

the undulatory theory. The dark heat radiating from a vessel

of hot water, the heat of furnaces and of hot bodies generally

has been proved, by means of the thermo-multiplier of Nobili,

by the experiments of Mellon i and Professor James D. Forbes

to have the same properties with the radiant heat of the sun,

so that the same explanation must be given of its cause also.

Those natural philosophers who acknowledge the failures of

the undulatory theory of light to be fatal to the hypothesis of

undulations in a stationary aBther, as constituting luminous,

heating and chemical radiations, are led by the observed phe-

nomena to conclude that these radiations consist of surfaces,

sheets or shells of spiritual substances in complex molecules,

with axes and equators as discussed in Chapter II. of the

author's treatise on Physical Optics, part 2, page 26.

The relations of this spiritual substance to the material and

aBthereal substances of the universe can be only learned by
induction from experimental facts. We conclude that the mole-

cules of these spiritual substances have high degrees of repul-

sion for each other, and for perhaps some of the other spiritual

and aBthereal substances of the universe also
;
but have corre-

sponding high degrees of attraction and affinity for material

substances
;
so that the spiritual substances exist in all material

bodies as we know them, in atmospheres around their material

atoms
;
or rather in compounded atmospheres with other spiritual

and sethereal substances.

We may suppose either equilibrium or approximate rest to

exist in the interior of bodies when in an unchanging state,

arising from the mutual repulsions of the spiritual molecules,
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but at the surfaces of bodies the repulsions from the interior

molecules being unbalanced by opposite repulsions, there is

necessarily continual radiation in surfaces, sheets or shells of

the spiritual molecules.

This radiation will consist of heating rays or mixtures of

heating, chemical and luminous rays, according to the state of

condensation of the spiritual substance in the material body.
The definition of caloric in this theory must be that it is

the spiritual substance which is in continual motion through
the interstellar spaces of the universe, and which exists as an

essential part of all material bodies as we meet with them, in

their inter-atomic spaces, as caloric or latent heat.

The properties of heat and caloric, or the cause of heat,

require to be studied in a distinct department of Natural

Philosophy, which is called thermatic; but hydrostatical prob-

lems are intimately connected with the relations between heat

and matter, so that it is necessary to investigate many of these

relations in the course of hydrostatical study. The volumes,

the elastic force, the laws of the expansions of liquids, vapours
and gases are required to be known in terms of the tempera-
tures in many problems.
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HYDROSTATICS.

INTRODUCTION.

THE sciences of Hydrostatics and Hydrodynamics are considered

at the present time to comprise the higher branches of the

mechanical sciences, or those which treat of the relations of

matter, force, space and time, in their higher developments.

In many questions the relations of matter and heat have

to be considered, and therefore the relations of matter and

light must eventually form part of these sciences. The relations

of matter with electricity and magnetism must also be finally

considered, as well as the molecular mechanics of chemistry,
before the mechanical sciences can be considered to be com-

pletely developed. The term Physics or natural science will

then be synonymous with mechanical science, the more evident

phenomena of nature being those of matter, force, space and

time; but involving the actions of the aethereal and spiritual

substance of the universe. The definition of matter, that it is

whatever possesses bulk and affords resistance to the occupation
of the same portion of space by other matter, and in quantity is

measured by its inertia, is sufficient for the discussion of the

problems of statics and dynamics, where the equilibrium and

motion of rigid and flexible bodies under the action of forces

are considered. When we come to problems of hydrostatics

and hydrodynamics, in which the states of rest and motion of

fluids under the action of forces are investigated, we have to

discuss the nature and properties of fluid bodies in the first

instance. A simple metal or other material in the three states

P. H. 1
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of a solid, a liquid, and a vapour, has its caloric greatly increased

in passing from the solid to the liquid state, and greatly in-

creased again in passing from the liquid to the elastic fluid

state in vapour. In each of these states the atoms of the metal

or other material will be in equilibrium under the actions of

opposing atomic or molecular forces
;
but in the solid state the

equilibrium is stable, in the liquid state it is approximately

neutral, and in the vaporous state it is completely neutral. An
additional force being applied to a solid body at one of its

particles the first result is a change of form of the body depend-

ing on its degree of compressibility or softness, and then according
to its elasticity it recovers partly its original form and the other

particles of the body are affected by the force transmitted to

them from that where the force acts in the first instance. In

this manner internal forces are transmitted through the sub-

stance of the body and vibratory motions of the atoms are

produced which continue for some time, depending on the more

or less perfect or defective elasticity of the body. When the

body is so hard that its form is not sensibly altered by the

action of the external impressed force acting on any particle,

the force is transmitted in the direction of its line of action

without sensible interval of time, and the motion of the body
which ensues is that deduced for a rigid body in the science of

dynamics.

When the body becomes softer a,nd approaches the state of

a semi-fluid with diminished elasticity, the ductility, tenacity or

adhesiveness come into action and have to be considered in

determining the form the body will take; and when the tenacity

is small compared with the pressure or momentum of the im-

pressed force, the body may be broken, and the result is a more

complicated one, the motion of the different fragments into

which the body breaks being required to be found as well as

the forms of their surfaces of fracture.

When the body approaches the state of a perfect fluid with

only small forces of adhesion or cohesion between the particles,

or with an attraction of aggregation only between the atoms,

the principal effects of an external impressed force will be the

same as those for a perfect fluid, but with those arising from the
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attraction of aggregation in particular problems. The liquids

are generally to be considered as in these circumstances.

When we come to a higher degree of fluidity again, as in

the gases and vapours, the relations of contiguous atoms are of a

different character, since the attraction of aggregation has ceased

and repulsive force has taken its place, so that the constraint of

vessels in which the gas or vapour is contained or the pressure
of other elastic fluid is required to retain a given mass in a

given volume.

The atoms of a perfect fluid are thus to be considered as in

a state of neutral equilibrium, and any additional impressed

force, however arising, will cause motion in the atom to which

it is applied, and then, a disturbance of the internal forces being

produced, a force is transmitted from atom to atom until equi-

librium again ensues and thus the effect of the additional

impressed force passes to every particle of the fluid, and in this

manner a body of perfect fluid in a short interval of time trans-

mits statical pressure equally in all directions. During the

transmission of the state of pressure from its point of first

application to distant points the effects at given points will be

dynamical and will require to be considered accordingly.

The motion of a "whole mass of fluid may take place at the

same time with internal motions amongst its particles; or again
the mass of fluid may be considered to be at rest whilst its

atoms have vibratory and undulatory, as well as other internal,

motions. The particles of perfect fluids being capable of free

motion amongst each other, we require the consideration that

the particles, whose states of motion or equilibrium we consider,

may be the smallest which are capable of separate motion and

independent of the others, or we must consider them as the

ultimate molecules or atoms of the fluid. If we do not carry

our hypothesis to this extreme point, our supposed particles of

fluid may remain aggregates of many atoms or molecules which

are capable of independent mojbion, or may perhaps mean an

imaginary fraction of an atom without consideration of the

properties which arise from the atomic constitution of matter.

12



4 INTRODUCTION,

Definitions,

The mass of a portion of a fluid, or of an atom or molecule

of fluid, is the quantity of matter it contains as measured by its

inertia, and is proportional to its weight at the same place on

the earth's surface.

By the density we mean the quantity of matter in a given

volume, and it is measured by the quantity of matter in a unit

of volume when uniform, and by the quantity of matter in an

indefinitely small volume divided by that volume when variable;

it is generally at each point, the mass of the atom at that point

divided by the volume of the atom. The volumes of bodies and

of their constituent atoms depend upon the caloric which is an

essential part of them in any particular state, and which thus

affects their density but not their mass or weight.

The specific gravity of fluid and solid bodies is measured by
the weight of a unit of volume when constant, and is therefore

proportional to the density: so that when the same units of

measure are employed the tables of specific gravities are also

tables of densities.

The terms pressure, velocity, accelerating and moving force

have the same meaning as in dynamics. In hydrostatics we

have continually to consider the pressure upon surfaces, and

then define the unit of pressure to be the pressure upon a unit

of area of the surface when it is a uniform pressure, and to be

.the pressure upon an indefinitely small area of the surface at

any given point divided by that area when variable
;

so that

the unit of pressure at any point in a fluid is the pressure which

would exist upon a unit of area of the surface if constant and as

it is at that point.

The laws of the extensibility, compressibility, elasticity and

defect of elasticity of solid bodies belong to the subjects of the

higher statics and dynamics.

The law of Canton for the compressibility of liquids under

pressure was discovered by him more than a century ago, and

has been confirmed repeatedly since that time for very high

pressures, yet it is seldom noticed in hydrostatical treatises.
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The law is simply expressed as follows :

' the diminution in

volume of a liquid under pressure is proportional to the pressure,'

the actual amount of diminution for the same pressure being
different for different liquids. Canton's values of the compressi-

bility of certain liquids have been confirmed as far as they go

by more recent experiments, for very high pressures. They are

given in the table, page 5, of Part I. of this work. Let c repre-

sent the compressibility of a liquid, being the diminution which

a unit of volume when under no pressure experiences on being

subject to a unit of pressure, then if any other volume F under

no pressure becomes V
l
under the unit of pressure, we have

F Fj
= F c since the diminution of each unit in F equals c

;

F F
and c = n

v
-1 which requires to be determined experimentally

YO

for different liquids. In choosing the unit of pressure, that of

the average pressure of the atmosphere is often convenient as

we can then express pressures in terms of atmospheric pressures
of about 14'7 pounds on each square inch.

Now if any volume F under no pressure becomes F under

a pressure p, Canton's law gives us the expression

and F the resulting volume is known when F
,
c and p are

given, and F=F (1 cp). This expression shews us that

although the law holds good for very great relative pressures

yet it cannot be the strict law, because if 1 cp
= or p = -

c

then the liquid volume would be annihilated, which is impossible.

8F
The above expression may be put under the form -==* =

c.Sp,V
o

and supposing this to be only strictly true for very small incre-

dV
ments of pressure we have generally -y

= c . dp, and inte-

grating we have loge (F)= C cp, let the volume be F when

fV\
p = we have loge (F )

=
(7, and loge (

-y)
~ CP> which gives

V F . e~
cp

,
and now the volume only becomes zero when the

pressure p is infinite. The formula is now free from objection
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and gives nearly the same result as the former one for ordinary

pressures since by expanding the exponential we have

where c is always very small and the terms with c
2

,
c
3

,
&c. are

exceedingly small and negligible for ordinary values of p. The

value of c for rain water being '00004(5 or ^J^th nearly under

the pressure of the atmosphere.

The consideration of the atomic constitution of matter leads

us to the conclusion that in homogeneous fluids at rest the

molecules or atoms wr
ill assume the cubical arrangement under

the actions of the attractive and repulsive forces to which they
are subject, and a cube of space must be attributed to each

atom, since the cube is the only regular solid figure which will

fill all space symmetrically without vacancies. The magnitudes
of the solid, heavy, material centers or nuclei, relatively to the

magnitude of the cubes to be attributed to each atom, are at

present unknown to us, but from the expansion of bodies by
heat and their contraction by cold, we are led to conclude that

it may be very small in the ordinary state of bodies as we meet

with them.

If the dots in Plate I., Fig. I. A, represent the nuclei or

centers of the material atoms in cubical arrangement, then

drawing lines through them we shall have the edges of such

cubes as Abcdefgh, and ABCDEFGH.

Taking one of the dots, as for instance the central oney, and

bisecting each of the lines drawn through it to the next neigh-

bouring dots, let these be the points Imnopq producing the

lines Ifm, nfo, pfq in Fig. I. B
;
we have each of the lines

Im, no,pq equal to Ab, be, by, tho edges of the small cubes in

Fig. I. A, and drawing the cube KL with / for its center or

intersection of its diagonals and its faces and edges equal and

parallel to those of the small cubes of Fig. i. A, the points

I, m, n, o, p, q will be the centers of the faces respectively, and

represent the bisections of the lines drawn through / in Fig. i. A.

The cube KL then represents the attributed cube of the center
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or nucleus / of an atom. If we put 2r for the distances of the

centers of the atoms, or put

1r Al> = bc cf= Im = no =pq,

then r fl =fm =fti fp = &c.

the distance of the center to the faces of the attributed cubes

of the atoms of which the volumes are 8?^
3

,
and the areas of

their faces are 4r2
.

If p is the density of the fluid and the mean density of each

cube, m the mass of the nucleus of each atom of which the

imponderable existences of caloric, electricity, &c. determine

the volume and form of the atom but do not affect its mass or

Wl

weight, then p x 8r
3 = m, or p = -

g .

When the pressures are variable as in vertical columns of

the atmosphere supposed to be homogeneous and at rest, at

different heights or in vertical columns of liquids at different

depths, we shall have the attributed cubes of magnitudes

diminishing with increased pressures when the temperature
remains the same but remaining of constant magnitude in

surfaces of equal pressure and temperature. In this manner

the nuclei will take definite arrangements with regard to the

lines of variable pressure. When pressures vary at any points

in magnitude and direction with the time we have to suppose
like arrangements of the atoms to occur at each instant when

the fluidity is perfect.

The definition of mechanical force being, that "it is whatever

produces or tends to produce, motion or change of motion in

material bodies," we require to know its intensity, the direction

in which it acts and the point at which it acts
;
or we require

its magnitude, direction and point of application to be given.

Though we may not be able to find the primary causes of forces,

still we have frequently to consider their proximate origins, in

gravitation, magnetism, electricity, caloric, chemical affinities,

&c., and their laws and modes of action must be known as far

as are concerned in the problems under consideration.

The state of the material atom, particle or body which is

under the action of the force requires to be known also, in
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respect of its being free and isolated, or connected with other

like atoms, particles, or bodies, and constrained to particular

motions or tendencies to motion by this connexion.

The space occupied by a material body, we know from the

phenomena it exhibits under the actions of heat, electricity,

magnetism, &c. must be considered as containing the agents

which cause those properties, but which add nothing to the

mass of the body, whilst producing or exhibiting its properties.

Their mode of attachment to or connexion with the material

nucleus of an atom and their arrangement in bodies of appre-

ciable magnitude are subjects for future discoveries, whilst we

must admit the reasoning by induction to lead to the conclusion

that we have sufficient evidence of there being in the sub-

stantial universe three orders of substances, existences, essences,

or entities*; namely the material substances having mass and

inertia; the aethereal substances having no mass but some

other properties analogous to those of matter
;
and the spiritual

substances which have none of the properties of matter.

Physical science with its inductive philosophy will we are

certain develope in future times an amount of knowledge on

these points of which we can now form no opinion.

When forces act on bodies we require to find the results

upon their masses, and for solid bodies the results are those of

the ordinary statics and dynamics ;
but when fluid bodies are

under the action of forces their atomic constitution must be

recognised in the first place, because it is through this constitu-

tion that their peculiar properties in respect to the action of

forces upon them arise.

In hydrostatics the pressure being communicated in all

directions through fluids we require the conditions to be known
which are necessary for equilibrium under the various circum-

stances of our problems ;
and in the analytical treatment of the

subject we shall commence with discussing the equations of

equilibrium of a molecule or an atom of a perfect fluid under

the actions of any forces whatever transmitted through the

neighbouring massive nuclei by means of their enveloping
* See Newton's Opticks, 3rd e'dition, pages 376 to 378, and Dr Young's

Lectures, edited by Professor Kelland, Lecture 49, pages 464 to 473.
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atmospheres of the subtile existences. The active forces pro-

duce pressures through the fluid which depend upon the magni-
tude of the unit of pressure or the pressure on a unit of area if

constant and as at that point, and upon the area which is subject

to the pressure. The direction of the pressure perpendicular

to the area is to be only considered when adhesion of the fluid

to it or fluid friction is not under consideration and we have the

pressure multiplied into the area of the faces of the attributed

cube of the molecule or atom as the force transmitted to the

nucleus, and when this is in equilibrium the nucleus of each

molecule or atom must be subject to equal and opposite forces

in all directions.

The problems of hydrostatics have been correctly solved by

employing only the equality of pressure transmitted in all direc-

tions as a principle founded on experimental fact. In the

science of dynamics the principle of D'Alembert enables us to

form the equations of motion for particles or rigid bodies when

the equations for equilibrium are known respectively. In hydro-

dynamics the same principle of D'Alembert enables us to form

the equations of motion for particles when the equations for

equilibrium are known; but when we recognise the atomic con-

stitution of bodies, the particles in equilibrium must be the

ultimate molecules or atoms ;df the fluid matter, and the motions

of masses of fluid must be considered as originating in those of

their constituent molecules or atoms. The methods which have

hitherto been employed in hydrostatical science not involving
the principles of atomic and molecular equilibrium, the hydro-

dynamical methods founded upon them have not lead to correct

results in many problems, amongst which the problems of sound

and of resistances may be taken as examples.



CHAPTER I.

ON FLUIDS IN EQUILIBRIUM UNDER THE ACTION OF

ANY FORCES.

PROPOSITION 1. To investigate the differential expression

for the pressure at any point in a fluid in equilibrium.

Let be the origin, and Ox, Oy, Oz the axes of coordinates

in fig.
1.

Let P be the nucleus of an atom or molecule of the fluid

having its coordinates x, y, z\ and PA the direction of the

resultant impressed force at P
}
so that perpendicular to this

line the pressures will be equal and there will be a surface of

equal pressures passing through P to which the faces of the

attributed cube will be respectively parallel and perpendicular.

Let x r, y By, z Sz be the coordinates of the center of

the nearer face of the cube, and x -f Bx, y + Sy, z + 8z those of

the further face; so that if 2 . Bs is the length of any edge of the

cube, we have

&>-
2 = &r2 + S/+^2

,

the area of each face = 4 . &>*,

and the volume of the cube = 8 . 8s
9

.

If p is the density of the fluid at P and the average density

of the cube, we have

the mass = 8 . pBtr.

Let or, /3, 7 be the angles which the line PA makes with

Ox, Oy, Oz respectively, then

&x n By Bz
cos a = -sr ,

cos p = f- ,
cos 7 = =- .
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Let R be the resultant impressed accelerating force acting

at P on the nucleus; X, Y
t
Z its components in the axes

respectively, and

Y ~y 7
COS a =

R '
COS ^ =

1i
'

cos 7 ^ ^

Now if > is the fluid pressure on a unit of area if constant

and as at the point P, p Sp that on the unit of area at the

nearer face of the cube, and p + Sp that at the further face of

the cube; then the difference of these acting on the areas

4 . 8s
2
of the faces of the cube, must be the moving force which

balances the impressed moving force E x mass of the cube.

Or we have

R . 8ps
3 = (p + Sp) 4Ss

2 -
(p

-
Sp} 4&>

2

= 8 . Sjp . Ss
2

,

or Sp
= Rpbs = Rp . s (cos

2
a + cos

2

ft + cos
2

7)

=
p . 85 (X cos a + Y cos p + -^ cos 7)

= p (XSx + YSy + ZSz),

which is the general equation, but on account of the exceeding
and undetermined minuteness of the atoms of matter we may,
in all problems which do not involve molecular considerations,

write differentials for the finite differences and then the differ-

ential equation for fluid equilibrium becomes

dp = p (Xdx -f Ydy + Zdz)

and the pressure p is found from the integral as follows,

\ (1)

or p -
IpRds,

where in order that p may have a definite value in equilibrium
we must have

or pR(h
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an exact differential of some real function, and then the integral

being corrected for any given case we shall have the value of p.

The value of p in the expression

or \pEds

is determinate and real in many problems of hydrostatics \vhen

p and R are either constant or some functions of the distances

from fixed points or lines, and then we may express pR as a

function y(r) of a variable (r) and the expression becomes

and is integrable.

In other problems relating to the ocean and atmosphere the

values of p and R for given points (x, y, z) involve the con-

ditions of time and are not functions of the space or distances

only, and the equilibrium only exists approximately for short

intervals of time and at some particular places.

PROP. 2. To find the differential equation to surfaces of

equal pressure.

If we put p equal to nothing or constant in equation (1) we

have dp = and

Q .................. (2),

which is the differential equation to surfaces of equal pressure

since X, Y, Z are functions of x, t/, z Each particular surface

involves a particular value of the constant of integration, and

when the integration has been performed we have the equation
to the surface of equal pressure in finite terms. Such surfaces

have the general name of level surfaces, and by the discussion of

the last proposition the resultant impressed force has its direc-

tion normal to such surface at each point of it. Thus the

direction of the plumb-line is perpendicular to the surface of

still water at each place on the earth's surface.
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PROP. 3. To shew that surfaces of equal pressure are sur-

faces of equal density and temperature.

The condition that equilibrium may exist involves the

reality of the value ofp in the integral

Let q be such a function of the coordinates x, y, z
y
that

dq = Xdx + Ydy + Zdz,

and then dp = pdq,

\vhich is an exact differential in the case of equilibrium and

therefore p is a function of q and of the coordinates
;
but in a

level surface where

dp = 0, then dq = 0,

and q is constant; or p is constant in all surfaces of equal

pressure.

In liquids the increase of volume and diminution of density

are nearly proportional to the increase of temperature, so that

surfaces of equal density are surfaces of equal temperature when

the pressure is constant.

In the elastic fluids, the vapours and gases, we have the

approximate law of Amontons as follows,

p = xp(l + at ),

where tc and a are constants, p the density and t the degrees

of the thermometer
;
so that when p and p are constants we

must have constant also, and surfaces of equal density are

again surfaces of equal temperature.

The conditions for absolute equilibrium are never more than

approximately fulfilled, even in small volumes of liquids, vapours,

and gases. The results we obtain in problems of equilibrium

are generally only to be considered, in physical science, as first

approximations and sufficient solutions of ordinary cases; but

also the bases for higher discussions.
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EXAMPLES.

Example 1. A sphere being filled with liquid and rotating

about a Horizontal axis which is a diameter, it is required to find
the whole pressure upon the concave surface.

Let AOA' be the horizontal axis about which the sphere in

fig. 2 rotates with an angular velocity
= a)

;
let OA =a = the

radius of the sphere, let any radius OP make the angle POA = 6

with the diameter which is the axis of rotation A'OA, and tak-

ing an indefinitely small arc PP let the angle POP' = d&, with

arc PP' = adO. Draw PM perpendicular upon OA, and let the

arc PP' describe an elementary ring PP'Q upon the surface of

the sphere, with center M and radius PM
;
then the area of

this elementary ring
= ZirPM x PP'

= 2?rasin 6 x adO.

Let r be the distance of any particle in the liquid from the

axis of rotation, then in the circle described by it we have the

centrifugal accelerating force = -
j^^4-

radius

= radius x (angular velocity)
2

= r x a)
2

.

If p is the pressure at that particle, we have

p \pRds

i

|&>V<

and p at the axis where r = 0, .'. C.= 0,

and 9

Now the pressure on the elementary ring PQ equals the

pressure on a unit of area at P multiplied into the area of the

ring or equals

\ pa* . PJf 2 x 2?ra
2
sin Odd

V sin
3

0d0,
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and the whole pressure on the surface of the sphere

= TrpwV [sin

3 0d0

= 7T/MV [(I
- COS

2

ff)d(- COS 0)

= C - irpafa
4

(cos 0-1 cos
3

0),

to be taken between the limits 0=0 and =
TT,

.'. whole pressure
=

Ex. 2. A cylinder filled with liquid rotates about its axis

placed horizontal, required the pressure on the concave surface
and two ends.

Let AA' = length of the axis of the cylinder in fig. 3 = I,

AB = radius of the cylinder
= a,

then proceeding as in the last question we find the pressure on

the concave surface

and the pressure on the two ends to be

=
J Trpafd

1

;

when the former pressure bears the ratio n to the latter we have

= n.
a

Ex. 3. A sphere filled with liquid rotates about a vertical

axis which is a diameter, required the pressure on the whole sur-

face of the sphere.

Let AOA' be the axis of rotation in
fig. 4, and let a, 0, and

r be as in Example 1, with the area of the horizontal ele-

mentary ring PQ = 2ira* sin . d6.

Then being the center of the sphere and origin of coordi-

nates; Ox, Oy, horizontal as in the figure and Oz vertical; let

x, y, z be the coordinates of a point in the liquid whose distance

from the axis of rotation is r, we have
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Now gravity (g) acts vertically and the centrifugal force

horizontally, and we have the general expression for the pres-

sure at any point in the liquid

p =: p f(Xdx
+ Ydy + Zdz),

where Z =*
g.

x = the resolved part of the centrifugal force parallel to Ox

2 X
9= &> . r .

- = to . x,
T

and similarly

Y = ft>
2

. r .
- =

/. p = p
j
(w

2

(xdx + ydy)
-
$dz]

and p = at ^4 where a; = 0, y = 0, z - a,

and (a
-

*) +
|- (x* + if}\ ;

at the annulus PQ we have

z = a cos 0, ic
2 + ?/

2 = a2
sin

2
0,

/. p = p j^a (1
- cos 0) + Y a2

sin
2
01 ,

and the pressure on the annulus p x area of PQ

=
p \ga (1

- cos 6) -f^ a2
sin

2
01 x 2?ra

2
sin

and the whole pressure on the surface of the sphere

=
27i7>a

3

|L (1
- cos 0) +^ (1

- cos
2

0)1 c? (- cos 0)

= (7- 27rp
s

{(
7
(cos0-

C

^) +
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to be taken between the limits 6 = and =
IT,

/. the whole pressure
=

%7rpa
3

\2g + -^
. !

Ex. 4. A sphere filled with liquid and rotating about a verti-

cal axis as in Ex. 3, find the difference of the pressures upon the

upper and lower hemispheres.

From the general expression of the last example we find the

pressure on the upper hemisphere to be

and on the lower hemisphere to be

which shew that the pressures arising from the centrifugal force

are equal on the upper and lower hemispheres, whilst the pres-

sure arising from gravitation on the lower hemisphere is three

times that on the upper Hemisphere.

Ex. 5. A cylinder filled with liquid rotates uniformly about

its axis placed vertical, find the pressures on the concave surface

and on the two ends.

Let a = radius of the cylinder in the fig. 5,

I = length of the axis,

ft> = angular velocity,

p = density of the liquid ;

proceeding as in the last example we find the pressure on the

concave surface

=
Trpal [gl + &>

2a2

},

the pressure on the lower end

the pressure on the upper end

= J 7r/oft)

2a4
.

Ex. 6. A cylinder filled with liquid rotating uniformly about

an axis which is inclined to the horizon, required the pressure on

the concave surface.

P. H. 2
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Let AA' the axis of the cylinder = I,

AB the radius = a.

Let Ax, Ay, Az, as in
fig. 6, be the axes of coordinates and

the plane of xz vertical.

Let a = angle which the axis AA makes with the horizon,

Then to find the pressure at a point in the liquid whose co-

ordinates are x, y, z
;
from the general equation

p = pj(Xdx + Ydy + Zdz),

we have X = g cos a + afx,

p = p I {(g cos a + a?x) dx + ufydy + g sin adz]and

at A where x = 0, y = 0, z = 0, the pressure (p
f

)
is that due to

the vertical height of the point B above A,

or p = G = gp .AB. cos a

= gp . a . cos a,

'

P = P \9 i(
a + x

) COSOL + z sin a} + -g-
.

Taking an annulus PQ whose center is C, AC = z and the

breadth dz, let P' be an elementary area upon the annulus, and

let the radius CP' make the angle 6 with GP in the plane of

xz, so that the area of the element at P' is add . dz
;
and now

putting r = a, and X = a cos 6, we have the pressure on the

element at P'

=px adO . dz[, G>
2&2

!
g {(a + x) cos a + z sin a} + \a.dd.dz,
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the pressure on the annulus

= padz I \g [a (1 4- cos 0) cos a + z sin a} + ^-
dO[22 "1

g {a (6 + sin 6) cos a + z . sin a . 6} +^ . + G
;

taken from 6 = to = 2ir,

= %7rpadz \g (a cos a + s sin a) + -5-
[

,

and the whole pressure on the concave surface of the cylinder

f f
*') j=

2-Trpa I

-j^r
(a cos a -f 2 sin a) 4- x- ? a^

f
/

2
. \ wV

|

*2rirpalgiacQ8a.z + -5 sin a) +
-^-

z\ + (7;

from z = Q to z = 1,

=
TrpaZ {^r (2 a cos a + Z sin a) -f a>V}.

If we put a = 90 we have the pressure

=
irpal (gl + w'V),

as in example 5.

If we put cz = we have the pressure

as we should have found in Ex. 2 by taking gravity into account

COR. We notice in all the cases where gravity is taken

into account that the pressures on the surfaces arising from the

weight of the liquid are the same as if no rotation existed
;
and

the centrifugal pressure from the rotation is the same as if it

alone existed.

Ex. 7. A cylinder filled with liquid revolves with a uniform

velocity about an axis in its surface which is vertical and parallel

to the axis of the cylinder ; required the pressure on the concave

surface, and also upon the surface of a smaller cylinder concen-

tric with it.

22
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Let OA = h = height of the cylinder,

OB = a = radius,

BO = b = radius of the smaller concentric cylinder ;

then p, p, w, r being as before, we have the pressure at any

point in the liquid whose coordinates are x, y, z
y
to the axis as

in the figure,

Taking PQ an annulus of breadth dz upon the surface of

the inner cylinder, let a radius drawn from its center c to any

point P make an angle PCX = with ex the line through c

parallel to Ox; radius of the annulus being b the area of an

element upon it will be b.dO . dz, and the coordinates of a point

in the annulus will be

and a? + #
2 = a2 + 6

2 + 2a& cos 0,

the pressure on the annulus = dz \ p . b . dO

= bdz l\ gp (h z) + p (a
2 + 6

2
4- 2ab cos#H dO

( w*
)= b . dz \gp (h z) 6 4- p -=- (a

2 + b
2

. + 2ab sin 6) \ + C ;

I
2

J

from = to 6 = 2-7T,

*) + p|V + <

and the whole pressure on the surface of the inner cylinder

=
27T&/0 \\g (h

-
z) + |- (a

2 + 6
2

)|
efe

/

/ z\ &)
2

)

pMfc-^J+^^+ J^jl + tf.

from z = to z = h,

-xpbh [gh + of (a* + b
2

)}.
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Putting b = a we have the pressure on the concave surface

of the outer cylinder

=
Trpah {gh + 2o>Vj,

which may be obtained directly in the manner above.

Ex. 8. A cylinder filled with an elastic fluid or gas rotates

uniformly about its axis, required the pressure on the concave

surface and ends.

As the pressure at any point in the elastic fluid will be very

slightly dependent upon the weight of the portions above it in

cylinders of any moderate dimensions we may neglect the effect

of gravity. Referring to the figure of Ex. 2, let a be the radius

of the cylinder, I the length of its axis, the centrifugal force

acting upon a particle at a distance r from the axis r . w2
if co is

the angular velocity of rotation.

In the general formula we have

dp = p (Xdx + Tdy + Zdz),

AS

where X = &>V .
- = &>

2
. a?, Y= a)

2
. y,

Z = when z is mea-

sured along the axis, with x and y in the plane perpendicular
to it.

By Boyle's law we have p = /cp,
where K is now taken

constant.

Substituting for p its value *-
, we have

'

loge
(a)

=
i;

_a?
K 2

2

2tc

where C is the constant of integration,

(1).
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To determine let p be the uniform pressure before the

cylinder commenced revolving and p'
=

tcp, then the mass of the

contained fluid = p x volume of cylinder

Taking a cylindrical shell with radius r and thickness dr

and length I, we have from (1) its mass

.Ixp

and the whole mass of the contained gas being the same as

before rotation commences we have

/ x-y - OJ">*-

p nrULL

K KJ
rdr

from r = to r a,

, . , . ~
' wV

which gives fi
' "^^ J

:

(e^-1)

and putting r = a at the concave surface of the cylinder we

have from (1)

pressure on the concave surface = pressure x area

=px

. Ce 2"
.

To find the pressure on an end of the cylinder, taking a ring

of radius r and breadth dr, we have

the pressure on the elementary ring
=

pressure x area
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and the whole pressure on the end of the cylinder

-

"
. rdr

.
2- +0";

from r = to r= a,

and the pressure on both ends of the cylinder

0,202

-4^(6* -1).

In a similar manner other problems upon elastic fluids may
be solved.

Ex. 9. A mass of liquid in the form of a sphere, having
received a small rotatory motion about a diameter, to find the new

form which it will assume.

By the properties of attraction from the law of universal

gravitation, the attraction of a sphere on an internal particle

varies as the distance from the center
;

let it equal pOP
where OP is the distance of the atom P in

fig. 8 from 0,

and PM or ON is its distance from OMz taken for the axis of

rotation = r, with Ox, Oy, Oz the axes of coordinates.

Let a) be the angular velocity of rotation which is communi-
cated to the sphere of liquid, and let it be so small that we may
consider the law of attraction to remain as before.

In the general formula for the pressure at P

dp = p (Xdx + Ydy + Zdz),

we have X^-^OP.-^ + V. -
(JJr r
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'- P = P

**

where (7 depends upon the original quantity of liquid, and at

the surface p = or constant,

which being reducible to the form

is the equation of an oblate spheroid ;
and when &>

2
is very

small compared with p we have a and b nearly equal and the

law of attraction remains nearly the same.

Ex. 10. A cylinder which is open at the top contains a por-
tion of liquid, to find the form which the surface of the liquid

will assume when the cylinder rotates uniformly about its axis

which is vertical ; and also to find the angular velocity when half
the liquid would be thrown out if the cylinder were full origi-

nally.

Let P be an atom in the liquid in fig. 9 of which the co-

ordinates are x
t y, z, and its distance from Oz, the axis of

rotation PM= r, and o> = the angular velocity.

In the general formula

dp = p (Xdx + Ydy + Zdz),

we have now

.-. p = p I
{to

2

(xdx + ydy)
-

gdz]
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where G depends upon the original quantity of fluid, and p =
or constant at the surface, so that

gp

which being of the form a?
2 + ?/

2 = 4ms' is the equation of a

paraboloid of revolution as BAG in the figure.

When the cylinder was originally full and one half is thrown

out by the rotation, the vertex of the paraboloid will be at the

origin as in figure 10, since the volume of the paraboloid

equals half that of the cylinder of the same base and altitude.

Let h = OB the height of the cylinder in the figure 10.

a = OA the radius of the perpendicular section.

Then to find G in equation (1) we have p=Q when a? -f tf= a2

and z = h at the upper edge of the cylinder, or

when the experiment is tried in a vacuum.

And p = also at the center of the base when half the

fluid is thrown out, or when # = 0, /
= 0, z =

;

and

or o) = =
velocity of a falling body due to the height of

the cylinder, divided by the radius of the cylinder.

COR. If the experiment is tried in the atmosphere, then

G = the atmospheric pressure and the same result arises.

Ex. 11. To find the pressure on the concave surface and on

the base of the last case, when the contained fluid equals half the

volume of the cylinder, the experiment being made in a vacuum.

From the results of the last question we have now the

constant of integration (7=0 when the surface of the liquid, as

in the figure 11, passes through the center of the base of
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the cylinder, and the upper edge of it is CD; then at any point

of the liquid x, y, z, we have

and upon the base of the cylinder z = 0,

let r = the radius of an elementary ring AB on the base whose

breadth is dr, and area ^Trrdr, also r*
2 = x* + y*, then the pres-

sure on the base is

from r = to r a,

7rpa>
2a4

.

To find the pressure on the vertical concave surface, taking
an elementary ring PQ at a height z above 0, the pressure

=
jo

x area of ring

s- x

and the pressure on the whole concave surface is

=
Trpa (co*a?z

-
gz*) + (7

;

from z = to & = h,

=
Trpah (w

2a2

gh)

=
Trpah (2gh gh)

=
irpgah*,

since 6>
2a2 =

2^r^ by the last example.

If the original quantity of liquid were given in other cases

as that of
fig. 9, the like procedure to the above would give the

pressure.
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COR. If the pressure upon the base equals that on the

concave surface, we have

Trpafa*

and similarly the relation of a to h for other proportions of

those pressures may be found.

The angular velocity that must be given to a vessel con-

taining liquid and rotating about a vertical axis in order that

the liquid may just rise to the upper edge and be on the point

of flowing over, can be found from the equation for p in Ex. 10,

when the original quantity of liquid is known, and the volume

of the portion of the paraboloid of revolution which the surface

of the liquid forms between the boundaries of the vessel can be

found.



CHAPTER II

FLUIDS SUBJECT TO THE ACTION OF GRAVITY.

WHEN the force of gravity acts alone upon a fluid, we con-

sider it constant for points near the earth's surface but variable

for points at considerable distances above or below it.

When the force of gravity is taken constant, with the plane
of xy horizontal and the axis of z vertical downwards, as in the

figure 12, and P any point whose coordinates are

OM=x, MN=y, PN= z,

then we have the general equation

dp = p [Xdx + Ydy + Zdz}.

X = 0, F=0, and Z= g-,

PROP. 4. To find an expression for the pressure at any point

of a liquid under the action of gravity where the density is con-

sidered constant.

Then g and p being constants, we have

= gpz + C.

Let p be the pressure when z = 0, then

where p is the pressure which would be upon a unit of area if

constant and as at the point P, or upon a unit of area parallel

to the plane of xy.
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Ifp'= then p varies as the depth z
9
or generally

pp' varies as z.

PROP. 5. To find an expression for the pressure at any point

in a liquid acted on by gravity when the density varies according

to Cantons law.

According to Canton's law, if F be the volume of a liquid

when subject to no pressure upon its surface and p its density ;

V the volume when the pressure is p and the density p, then

V
Q

V= V cp by Canton's law,

where c is the coefficient of compression, varying with different

liquids and with the unit of measure of p, therefore

since the mass is constant and F p =
Vp, and

or P-2 p

let p' be the pressure when z is 0, then

and p - = p -

which gives the pressure p when z is known
;
and the units of

measure of the several terms must be identical.

Ex. To find the pressure at one mile]in depth in the sea, the

density of sea-water varying according to Canton's law, and to

compare the result with that which arises from taking the density

the same at all depths.

With the data of Canton at page 5 of the elementary trea-

tise, where /o
= l'028, c= '000040, we find, first, neglecting the

terms with c as factor,
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= 1 + 162-4 = 163-4 atmospheres ;

and computing with the terms having c as factor, we find

...> = 164* atmospheres very nearly, which is not much
different from the former.

PROP. 6. To find the weight of a cylinder of given density
with its axis vertical at a given depth in a fluid of which the

density increases as some function of the depth and equals f (z).

Let z be the depth of an elementary perpendicular section

PQ, fig. 13, whose thickness = dz, of the vertical cylinder BC,
and the area of the perpendicular section ='a.

Let z
l
be the depth of the end B, z

z
that of the end C.

Then the difference of the pressures on the ends C and B

l pd
J Z

ag
Z

f= a$ /(*)*>
J

*i

which is the weight of the fluid displaced by the cylinder.

Let p be the density of the cylinder and therefore its

weight =

And its relative weight when the depth of the upper end is

z^
= weight of the cylinder difference of the pressures of the

fluid on the ends

where z
l
and z^ are measured below the surface of no pressure.

COR. If the body were of any form, by taking elementary
vertical prisms as in Prop. 5, Part I., we shew that the

resultant vertical pressure equals the weight of the fluid

displaced when the density varies as/(s).

Ex. To find the weight of a cylinder with its axis vertical in

the sea at a given depth, and to find the depth at which it

would rest in equilibrium.

*
163-9340.
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Since the coefficient of compression c = 000040 is very
small we may use approximate expressions as follows, by
Canton's law :

= p (1 +^ nearly

c#p(yz) nearly,

and
J
'/ (z) dz = p

j*
2
- z

l
+ c#p ^ (*2

2 -M ,

and the weight of the cylinder

f Sa
)

fa-OH /W*r
;, )

-
*i) {p

f -
Po
- c^Po

2

J (!

= absolute weight of the body x ML - $
|l
+ cq

&
(^ + 2)1 ,

and when the body rests in equilibrium, substituting the value

of c = '00004 we have

I H
1

9
2 = depth of the middle of the axis of the cylinder,

_

pf.cg '00004^(

25000 /

In the measure of the compression c the value p = 1 is the

pressure of the atmosphere when the barometer stood at 29^
inches and the specific gravity of mercury was 13*595

;
let h

9
be

the height of the column of sea-water which would produce the

same pressure ;

then p'
= 1 = gp . h

=
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13.595
and h = 29J inches x -y-^I.U^o

= 32 '5 feet nearly.

Ex. 1. A cylinder (or other body} with its contained air
i 11

having the mean density p such that =
,
to find the depth in

sea-water at which it will rest in equilibrium.

We have :

J (^ + z
2)
= 25000 x 32-5 x

(-J-J
-

1) feet

= 15*39 miles nearly,

a depth which perhaps does not exist anywhere in the sea.

Ex. 2. To find the mean density of a cylinder (or other

body) which will just rest in equilibrium at three miles depth in

the sea.

Taking (*, + z^
= 3 miles = 15840 feet

= 25000 x 32-5 (
p- -

l) ,

Vo

which gives P=p x 1 '019495 = 1 '04804.

PROP. To find an expression for the pressure when several

compressible fluids which do not mix are superposed.

Let / (z), f (z), f" (z) &c. be the respective densities in

order from the surface, and zv (z2 z^, (z3 2),
&c. the

thicknesses of the respective strata.

Then p =g
{/V<

dz +
1V (z) dz + /" 00 dz + &c

j
,

since the pressure at any depth is the sum of the pressures

produced by the different strata; and the functions/^),/' (z) y

f" (z), &c. must be known as expressing the density in each

stratum.

DEF. The center ofpressure of any plane area immersed in

a fluid, is the point at which the whole pressure may be

considered to act and will then produce the same mechanical



FLUIDS SUBJECT TO THE ACTION OF GRAVITY. 33

effect as the actual fluid pressures, upon the different parts of

the area.

PROP. To shew that the whole pressure upon any surface of
a body immersed in a fluid is the same as if it were a horizontal

area at the depth of the center of gravity of the surface of the

body.

If AB be the body in fig. 14, whose surface is S, of which the

center of gravity is at the depth z
;

let PQ be an elementary

horizontal ring, around the surface, and its depth = z, with its

area = dS. Then p being the density of the fluid, the pressure

on PQ = gpzdS and the pressure on the whole surface of

the body
r

?ds

by the property of the center of gravity, as required to be

shewn.

COR. The same rule evidently holds good for the pressures

upon the surfaces of vessels containing fluid.

From the definition it arises that the center of pressure is

the point at which a single force may be applied in the opposite

direction, which will balance the fluid pressure upon the plane

surface
;
and that single force equals the resultant fluid pressure

on the surface in magnitude.

If the surface be horizontal the center of pressure coincides

with the center of gravity of the surface since the pressures

upon any areas at the same depth are proportional to the areas,

and the moments about any lines will be equal to that of a

pressure equal to their sum and acting perpendicular to the

surface at its center of gravity.

The fluid pressures at each point of the plane surface being

perpendicular to the surface are a system of parallel forces, and

the problem of finding the center of a system of parallel forces

as in statics is to be solved by taking moments about any lines

in the given plane.

p. H. 3
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PROP. To find the general expression for the coordinates

of the center of pressure of a given plane area immersed at

a given inclination and at a given depth in a fluid.

Let AOB be the plane area which being produced meets

the surface of the fluid in the line CD. Let GOx perpendicular

to CD be the axis of x and Oy parallel to CD be the axis of y
with C0 = c. Let CL be drawn in the surface of the fluid

perpendicular to CD, then the angle LCO is the inclination of

the plane AOB to the surface of the fluid LCD; let the angle

OCL = 6. Take PQ an elementary area in AOB whose

coordinates are ON= x, PN = y, and sides dx and dy

respectively.

Draw PM, NL vertical meeting the surface of the fluid

in M and L.

Then ifp is the unit of pressure at P, we have

p = gp .PM = gpNL
= gp(c + x) sin 6.

The pressure on the element PQ
= gp (c + x) sin 6 .dx . dy.

The moment of the pressure on PQ about Ox

=
pressure x arm = gp (c + x) y sin . dx . dy,

and the moment about Oy = gp (c + x) x sin 6 . dx . dy.

Now if X, Y are the coordinates of the center of pressure we

have from the definition

X . gp sin 6 1 1 (c + x) dx . dy = gp sin 6 1 1 (c + x) x.dx . dy,

Y . gp sin I \(c + x) dx . dy gp sin 6 \\(c -\- x) y . dx . dy,

(c + x) xdxdy
or I

,

I l(c + x) dxdy

+ x) ydxdy
Y=

\\(c + x) dxdy
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the integrals to be taken between the given limits of the

area AOB
;

these are the general equations required, and

are independent of 6.

When 6 = we have c infinite and x vanishing with respect

to c
;
the expressions become

\\xdxdy
X Jj

I \xdxdy

jjdxdy

which are the values of the ordinates of the center of gravity

of the surface AOB in accordance with the previous discussion.

When c is very large compared with #, and 6 has any value,

the same expressions are approximately true, and we see that

as a given area is sunk to a greater and greater depth parallel

to itself, the center of pressure approaches nearer and nearer to

the center of gravity of the area.

In solving many examples the above method may be varied

in accordance with the data of the case, and frequently polar

coordinates are the most convenient to employ.

Ex. 1. To find the center ofpressure of a rectangular flood-

gate with one side in the surface.

Let ABCD, in
fig. 16, be the rectangle seen obliquely with

the side AOD in the surface of the fluid, and inclined at the

angle LON 6 to the surface of the fluid. Draw the line ONx

bisecting AD and BC and let it be the axis of x with ODy the

axis of y. Let the sides of the rectangle be AD = a, AB=b.
Take PNQ an elementary area parallel to AOD, whose ordinate

ON = x and breadth = dx
;

and length PQ =
a, with NL

vertical.

The pressure on PQ = unit of pressure x area

=
gp . NL . adx

gpx sin 6 . adx.

32
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The moment of the pressure on PQ about Oy

= pressure on PQ x arm ON
= gp sin 6 . aaf'dx.

The center of pressure will be evidently in the bisecting

line ONx
;
let its distance from be X, then

between the limits x and x = b

Ex. 2. To find the center of pressure of a flood-gate in the

form of a semicircle with the bounding diameter in the surface.

Let AOCB be the semicircle in
fig. 17 seen obliquely, with

the diameter AOG= 2a, in the surface of the fluid. Let OL be

in the surface of the fluid, and OB the bisecting radius. Let

LOB = 6 be the inclination of the plane of the semicircle to

the surface of the fluid
;
and the center of pressure is in OB, let

its distance from be X.

Taking an elementary sector PO Q, let the angle FOB =
and OP = r, so that the area of an element PQ =

rd<f> . dr
;
and

its depth PM=NL =
rcos<t>. sin 0.

Then the pressure on PQ = gp . NL x area

=
gpr~ cos

cf>
sin Odr .

d<f>,

and its moment about AOC = pressure x area ON
= gp sin 6r

3
cos

2

</>
. dr .

d(f> ;

({rs

cos?<l>.dr.d<f>

/. X= JJ

1 1 r
2
cos

<f>
. dr .
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between the limits r = and r = a

I cos
2

<f)
. dd)

3a J

T'
I cos .

d(f>

Sa

4
'

I cos < .
d(j>

between the limits 6 = and <t>
= + ~

STT

IB-"

Ex. 3. To yt?ic? the center of pressure of a quadrant of a

circle with one of the bounding radii in the surface.

The same letters applying to the same points in fig. 18 as in

fig- 17.

Then as in the last example we find X to be

Y 3<7rZ =
l6'

a'

and taking moments about OBx to find T we have

1 1 r
3
sin cos

<f> drd<j>

1 1 r2
cos

<f>
dr d<p

I sin
(f)d

sisin

T*
I

7T
between the limits

</>
= and

<^>
=

a.

Ex. 4. To find the center of pressure of any circular sector

with the center in the surface of the fluid.
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Proceeding as in the last examples with PQ an elementary

area in fig. 19, and the angle AOx ai, the angle EQx @, we

have

I Ir
3
cos

2

$ . dr . d</>

I Ir* cos
(f>

. dr . d(f>

between the limits r = and r = a, </>
= a and $ = +

3

16 sin a + sin ft

I /r
3
sin

<f)
cos

(f>
. dr . d(f>

I Ir
2
cos

(f>
. dr . d(f>

=
| a (sin /3 sin a).

By putting a = and j3
= 90 we have the case of the pre-

ceding example.

Ex. 5. To find the center of pressure of any circular sector

with one of the bounding radii in the surface.

With a circular sector AOB (fig. 20) and OB in the surface,

with the angle AOB = a, we find

a i sin 2aA %a -= .

1 - cos a

F=f a (1 + cos a).

Ex. 6. To find the center of pressure of a parabolic segment
with the vertex in the surface of the fluid.

The letters in
fig.

21 being taken similar to those in the

first example, the axis of x bisecting the parabolic area, the

center of pressure is in Ox and

\x*ydx
X J

\xy dx
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Let ?/

2 = 4>mx be the equation of the parabola and the length
of the axis OH be b, we have

Ex. 7. To find the center ofpressure of a semi-parabola with

the vertex in the surface.

Taking now in fig. 22

OH=b, HG = a,

we find X = % . b as above,

and ^= T
5
2

a'

Ex. 8. To find the center of pressure of a semi-parabola
with its vertex below the surface of the fluid, but its directrix

horizontal.

Let the point as in the general proposition and
fig. 15

be distant from the surface, the quantity c along the axis. Then

we find

7c + 5b- b'~'
3c + 26= a .
--

-^r

Ex. 9. To find the center of pressure of a right-angled

triangle with one leg in the surface.

The leg in the surface being the axis of y and length 6.

The other leg being in length a arid the axis of #, we have

Y-
~4'

Ex. 10. To find the center ofpressure of an oblique parallel-

ogram with one angle in the surface.

Taking Oy in the surface of the fluid and axis of y,

Ox perpendicular to it and axis of x. Also taking Ox,

Oy the sides of the parallelogram OABG as oblique axes of

coordinates respectively, with the length of OA the side in

Oy a, that of 00 in Ox =
b, the angle of the parallelogram
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at 0, x Oy =13, and the angle y'0y = a. Let 6 be the angle
between the plane of the parallelogram and the surface of the

fluid.

Let the elementary area PQ have its sides parallel to Ox'

and Oy respectively, and its area = dx . dy sin /3.

Expressing the rectangular coordinates of PQ, x and y, in

terms of the oblique coordinates x and y' t
we have

ON= x = y' sin a + x sin (a

and PN= y = y' cos a + a?' cos (a

And X, F being the coordinates of the center of pressure
in Ox, Oz respectively, we have

ttxdx .dy'

sin
2
a + Sab sin a sin (a 4- /3) + 26

2
sin

2

(a -I-

3 [a sin a -f b sin (a +/:?)]

\\xy dx . dy'

Jx dx . dy'

2a2
sin 2a + Sab sin (2a + 0) 4- 26

2
sin 2 (a + ff)

6 [a sin a + 6 sin (a + /3)]

Putting /9
= 90, and a = 0, we have the case of a rectangle

with one side in the surface and as before

Putting /?
= 90, a = 45 and a = b, we have the case of the

square with the diagonal in Ox, and we have

X = -= . a,

6J2

F=0.



FLUIDS SUBJECT TO THE ACTION OF GRAVITY. 41

The amount of the pressure of a fluid upon a surface being
the same as that which would arise if the surface were a hori-

zontal plane at the depth of its center of gravity, and the point

at which it may be considered to be applied being the center of

pressure, it is clear that if a flood-gate of any form may turn

about an axis in any direction through its center of pressure

then the fluid pressures will be in equilibrium about that axis.

The converse of this evidently holds good, that if the fluid

pressures on any plane surface turning about an axis are in

equilibrium, then the center of pressure is in that axis, its

resistance balancing the moments of the fluid pressures about

any line in the plane.

In some problems the form of the flood-gate may be given
and the position of the axis about which it turns freely to find

the direction in which it will open when the fluid is at a given

height, or otherwise to find the height of the fluid when the

pressures balance about that axis
;
and when the fluid is below

that level the lower part of the flood-gate opens outwards, and

when above it the lower part opens inwards, and in either case

the fluid escapes ;
but is retained when the center of pressure

is in the axis about which it may turn.

Ex. 11. A rectangular flood-gate with two of its sides hori-

zontal turns about a horizontal axis ; required the height of the

fluid when the pressures on the upper and lower parts balance.

Let ABCD be the rectangular flood-gate and the points

0, O} N, if in the line bisecting the sides AB, CMD. Let the

lines Oy, OL be in the surface of the fluid when there is

equilibrium about the axis aO'y'b. Then if 0'M = a, and

CD = AB = b be given to find 00' = %
l ,
we have the center

of pressure of the part above the axis ab distant f#x
from Oy

and therefore distant -~ from the axis ab.
o

Therefore the moment of the pressure on the part of the

flood-gate above the axis ab about that line is

pressure x arm = gpajb sin# x ^ x *

o

x*= gpbsin0--.
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Taking the center of pressure of the part below ab as X'

and O'x, O'y being axes of x and y respectively, we have

\x' (x + x^) dx'

x '

(
I (x + #j) dx

_ 1 2a2 + Sax
l

3
'

a + 2x
1

between the limits x = and a;' = a.

For the equality of moments above and below the axis we

have

x 3
fa \

gpb sin0 .

-^
= gpb siuO . a f

^
+ a?J ^',

which gives JT' = . -. J-^ r-
,

3 a (a -f 2^)

and equating the two values of X' we have

which is satisfied by x
l
= 2a, in accordance with Ex. 1, and

the two equal roots x
v

a are inadmissible.

Ex. 12. A flood-gate composed of a square and a right-

angled triangle, has one of the legs of the triangle equal to and

coinciding with a s-ide of the square, the upper side of the square

being in the surface of the fluid and the flood-gate turning about

a vertical axis at the junction of the square and triangle ; required

the form of the triangle when the fluid pressures balance.

Let ABC\)Q the triangle, and A ODE the square with the

side AE in the surface of the fluid and AC the axis of the

flood-gate. Then if P and P' are the centers of pressure of the

square and triangle respectively, the fluid pressures acting at

these points must balance, and we require the ratio of CB
to CA when this takes place.

Let CB = a, A C b, then applying the methods of finding

the center of pressure, we have the distance of P from the
7 O

axis = 5 and the distance of P' = ^ a,
L o
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the moment of the pressures on the triangle about the axis

= J . gp sin 6 . 6
2
a

2

,

the moment of the pressures on the square about the axis

= J#/>sin0.&
4

;

therefore equating these moments we have a = b *J2.

In these examples the distance of the center of pressure is

found and the place of the center of gravity of the surface is

known
;
in other examples it is simpler to equate the integral

expressions for the sums of the moments on each side of the

axis at once.

Ex. 13. A flood-gate consisting of a semicircle, and rectangle

with one side equal to and joining the diameter of the semicircle,

turns about a vertical axis at their line of junction ; required the

form of the rectangle when the fluid pressures balance about the

axis, the upper side of the rectangle being in the surface of the

fluid.

Let AEB be the semicircle whose radius is a, AC the rect-

angle whose sides are AB Za and AD =
26, which is to be

found when there is equilibrium, with the side AD in the sur-

face of the fluid in fig. 26, and the inclination of the surface

as before.

Taking pq elementary areas in the surfaces
;
for the moments

about the axis AB
}
we have with ADy the axis of y, and ABx

the axis of x,

the sum of the moments of the pressures on the rectangle,

between the limits y = and y 26
;
x = and x = 2a

= gp sin# I \xydx . dy

= gp sin 6 . 4a2
6
2

;

in the semicircle taking Ap = r and angle pAB =
cf>,

also

the sum of the moments of the pressures on the semicircle

7T

between the limits r = and r = 2a cos <, < = and
</>
= =
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= gp sin 6 \ Ir cos</> . r sin
<f>

. rdcfr . dr

= gp sin 6 fa
4

;

therefore when there is equilibrium we have

or 26 = a Vf,

which gives the breadth of the rectangle.

Ex. 14. A flood-gate turning about a horizontal axis has the

part below the axis a semicircle and the part above it a rectangle;

supposing the flood-gate can only open by the rectangle turning

outwards, to find how high the fluid must rise before any escapes.

The flood-gate AGBDE, as in the figure 27, turning about

the horizontal axis AB, with the radius of the semicircle

ACB=a, it is required to find the height aOb to which the

fluid must rise when there is equilibrium ;
and when the fluid

rises higher than this, the rectangle ABDE will open outwards

and a portion of fluid will escape until its surface sinks below

the level aOb again, when the flood-gate will close again.

Taking 0' the center of the semicircle, in the surface of

the fluid, and 00' = x
1
which is to be found

;
we have, as before,

the sum of the moments of the pressures upon the rectangle

ABba about AB
x

i

9P$ i
Q

The sum of the moments of the pressures upon the semi-

circle about AB

= gp sin 6 1 1 (r cos <) (r cos <f> + x^) rd^ . dr,

with the limits r to r = a and <> = to < =
-f-^

and equating these moments we have

it ' ' MV* '*
,

~Q~ "^ Q '

O O
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or the cubic equation

of which the root required is x
l
= T6477a nearly.

Ex. 15. A rectangular prism filled with a heavy fluid stands

on one end; required the breadth of the rectangular aperture in

one of the vertical sides which being suddenly opened the prism
will just fall over.

Let the figure 28, ABODE, represent the rectangular prism
of which the edges are AB=a, BEb and CE = c. Let

ab = a' be the breadth to be found of the aperture in the verti-

cal face which has the edge AB which being suddenly opened
when the prism is full of heavy fluid the prism will be on the

point of falling over by turning round the edge DC.

This is an example of an unbalanced reaction acting in an

opposite direction to the pressure on the aperture, which acts

at its center of pressure, and producing a moment about the

edge DC, at the instant the aperture is opened. The moment
of the weight of the contained fluid about the edge DC is

opposed to this, and when less than it the prism will fall over.

The pressure on the rectangular aperture

C

and the center of pressure is distant f C from the top.

1 C
Therefore the moment of this pressure aboutDC= ^ gpa<?

- -5

The moment of the weight of the fluid contained in the prism

acting through its center of gravity about CD is = gpabc x -
,

L

and when these are equal

or a = a r ,

c

and if a' is greater than this the prism will fall over: but since

a must necessarily be less than a, therefore c must be greater

than b J3, in order that such result may be possible.
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On the pressures offluids on curved surfaces.

The most general tendency to motion which a body can

have is the tendency to translation and rotation at the same

time
;
and from the results of statical science, when any number

of forces act at any points and in any directions upon a rigid

body, they either balance, are equivalent to a single resultant

force, or are generally equivalent to a single resultant force and

a resultant couple acting in a plane at right angles to the

direction of the force. These conditions apply equally to the

pressure acting upon bodies wholly or partly immersed in fluids,

and in order that such bodies may be in equilibrium there must

be no tendency to motion of translation and no tendency to

motion of rotation.

When the pressures arise from heavy fluids under the

action of gravity they are some functions of the depth, and the

investigation becomes simplified as seen in the preceding

chapters. We have now to consider the effects of such pressures
on curved surfaces generally.

PROP. To shew that the horizontal pressures of a fluid upon
the surface of a body wholly or partly immersed in it are in

equilibrium.

Let AB be the body in
fig. 29, pq an elementary prism taken

in any horizontal direction through it and meeting the surface

of the body in the areas a at p and a." at q. Let also a be the

area of the perpendicular section of the prism.

Let the normal to the surface at p make the angle 6 with

the axis of the prism, and that at q the angle & with it
;
then

these are also the inclinations of the oblique sections of the

prism at the surface with the perpendicular section
;
or

a. = a.' cos 6 = a!' cos 6'.

Now if the plane of xy is in the surface of the fluid and p is

the unit of pressure at the depth z of the prism we have p a

function of z=f(z)say, which is constant whilst z is constant,

and we have the pressure on the oblique section at p = p* and

that on the oblique section at q = pa.".
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The resolved parts of these pressures in the direction of the

axis of the prism = pz cos

=
py." cos 6',

which is the resolved part of the pressure at q in the direction

of the axis of the prism.

Therefore the horizontal components of the pressures of the

fluid on a horizontal prism taken in any direction are in equili-

brium, and consequently the whole horizontal pressures are

so also.

It becomes therefore necessary only to discuss the vertical

pressures upon the surface.

PROP. To investigate the resultant vertical pressure of a

fluid on the surface of a body wholly or partly immersed in it.

In the general expression for the pressure at a point x, y, z
t

in a fluid

p= jp [Xdx + Ydy + Zdz}.

When the plane of xy is in the surface of the fluid as in the

fig. 30, and gravity is the only impressed force, we have

x=o, r=o, z= g ,

and . P9\ P&z ->

the density being a function of the depth, let p=f(z) and

Let an elementary prism PQ taken vertical through the

body meet the surface at P in the area a' and at Q in the area

a", and let a be the area of the perpendicular section of the

prism.

Let the normal to the surface MP make at P the angle 6

with the axis of the prism, and the normal NQ at Q make the

angle & with it
;
then we have as before

a' cos = a = en" cos 6'.
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If p is the pressure at P at the depth z
; p" that at Q,

where the depth is z"
;
then the resultant vertical pressure

= p"a" cos & p'a! cos 6

but the weight of a prism PQ of the fluid is

between the limits z = z and z z"

Hence whatever be the law of the change of density of the

fluid with change of the depth, the resultant upward vertical

pressure equals the weight of the equal prism of the fluid, and

this holding good for every vertical prism which can be taken

in the body, the whole resultant vertical pressure upon the

body acts vertically upwards and equals the weight of the fluid

which it displaces.

This resultant also acts vertically upwards through the

center of gravity of the fluid displaced because the weight of

the sum of the elementary vertical prisms acts vertically down-

wards through that point.

If the body were only partly immersed in the fluid the

limits of integration would have been from z = to z = z" and

the results the same as if the body were wholly immersed ;
that

is the resultant pressure equals the weight of the fluid displaced

and acts vertically upwards through the center of gravity of the

fluid displaced.

PROP. To find the resultant vertical pressure on the surface

of a vessel containing fluid.

If PQ or P Q' were elementary vertical prisms in fig. 31 of

the fluid, the resultant vertical pressure would be the difference

of the vertical components of the pressures at P and Q, or at P'

and Q' ;
and it would be expressed as in the last proposition by

rz"

=g&l f(z)dz.
J z'
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EXAMPLES.

Ex. 1. A triangular plate in a fluid has the sides suc-

cessively in the surface of the fluid
;
to show that the pressure

on it is inversely proportional to the side in the surface at the

same inclinations.

Ex. 2. A sphere being filled with fluid
;
show how to divide

the surface by a horizontal plane so that the pressure on the

upper part is - th of that upon the lower part.

Ex. 3. In the sphere of the last question, show that the

pressure on the lower hemisphere is three times that upon the

upper hemisphere.

Ex. 4. Two circles of different radii in the same plane
within a fluid, have a common tangent in the surface

;
find the

pressure on the area between them.

PROP. An elastic vessel containing a fluid, required an

expression for the tension in the vessel at a given point*

Referring to the statical problem of the pressure of a flexible

cord, strap, tape, &c., upon a smooth curve, if the forces P at

the ends of the cord ApqB in figure 32, which pressed upon the

curve in the figure from the point A to the point B, produced
the tension in the cord and the pressure ;

let pq be a small arc

of the curve = 8s, and pO, qO, the normals meeting at 0, let OC
be any line and the angle pOC = Q\ with pn, qn the tangents
at p and q, let also pO = qO = r. Then if -sr is the pressure

which would be exerted upon a unit of length of the curve if

constant and as it is at p and g; the pressure on the arc

pq = flrSs.

Now the tension in the cord resolved perpendicular to the

arc produces the pressure and is counterbalanced by the per-

pendicular reaction of the smooth curve, therefore resolving the

tension P we have

P cospnO + P cos qnO = P (sin pOn -f sin qOn),

P. H. 4
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and when the arc pq = Ss becomes ultimately ds we have

smpOn + sin qOn = ^ (pOn + qOn) ultimately

and PdO is the pressure on each element.

Then ultimately

r

P
or r = -

which gives the pressure or at any point when r the radius of

curvature at that point is known, and generally

pWe note that the expression w = is homogeneous, for in

equating vrds with PdO we employ the circular measure of the

angle pOq and = so that PdO = P ds and then
I. r r

7 T~k * 7 7~fc
*

to-as = Jr as or is = r ,

r r

which is evidently homogeneous.

Again, if the strap, tape, &c., were of a breadth a, and we

required the pressure at any point (wx) due to a breadth x of

the strap, tape, &c., we should have - = - or = -or - . If we
OT a a

took a for unity then vrx = cciz. By attending to these points

we shall find our expressions to be always homogeneous, which

they must be if correct, like as in other physical problems.

Let now abed, figure 33, be an elementary rectangular area

upon the surface of the vessel containing the fluid
;
aOO' the

normal at a
; 60', dO the normals to the arcs ab and ad at b

and d respectively ;
then and 0' will be the centers of curva-

ture at a, and ab
}
ad will be the lines of curvature of the surface

through a. Let Oa = r, O'a = r', and the angle dOa = d&, the

angle 60'a = d6
r

. Then the area of the element abed = rd6 . r'dd'.

Ifp is the unit of fluid pressure at a, then the pressure on the

area abed p . r . r . d6 . d6'.
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Now if t is the tension of the vessel at a which acting in

the direction ad would be exerted by a unit of breadth in the

direction ab
;

t' that acting in the direction ab
;
then the ten-

sion parallel to ab due to the breadth of surface ad is

t
f xad = t' .rd0,

and that due to the breadth ab is t x r
f

d6' acting in the direc-

tion ad,

Resolving these in the direction aOO' as in the previous

discussion, we obtain ultimately the components t' . rdO . d0',

and t . rd6' dO, and these together balance the normal fluid

pressure upon the elementary area abed
;
or we have

p . rrdO . dO' = t'rdOdd' + tr'd6'dO,

t t'

or p = - + -
,

r r

which gives the relation of t and t', when p, r and / are known.

The tensions at a will generally exist in all directions

through that point, but t and t' will be the resultants or sums

of the resolved parts in rectangular directions ab and ad; and

r and r' are the greatest and least radii of curvature.

Ex. 1. The lowest point of a vessel containing fluid has the

x2 v2
z
2

form of an ellipsoid whose equation is 2 + r-2 + -
2
=

1, with the
a b c

axis of z vertical ; required the tensions at the lowest point in the

planes of xz and yz.

We have the radii of curvature in the planes of xz> yz

respectively

a2
, 6

2r~ , r =-
,

c c

also p being known when the depth of the fluid and its density
are known

;

the separate values of t and t' can only be found when the

nature of the vessel is given. If the vessel is equally stretched

42
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in all directions we have t = t', and

or

COR. 1. We see from the expression p -
-f that if the

surface is cylindrical or rectilineal in any direction we have one

radius of curvature as r = oo
, then p = -

,
and r must be finite

whilst t is finite as well as p.

COR. 2. If the surface is spherical and r = r', then

2* 1

p= -, or t =
^pr,

which is the value of the tension in any direction whatever.

With any finite value ofp we see that a flat surface with r = oo

must have the tension t infinite
;
and as in the catenary curve

an infinite tension would be required to draw any normal sec-

tion of the surface into a straight line.

Ex. 2. A cylindrical vessel with its axis vertical of sheet

metal which is supposed inextensible and will bear a horizontal

tensile force t when on the point of rupture, find the height of a

heavy fluid within it when it just bursts at the lower part, the

end being firmly closed.

Let r be the radius of the cylinder, p the density of the

fluid, z the depth required, then

and z , when the cylinder is about to burst.

We see that z is greater as r is less.

In applying this result to the construction of the cylinders

of the ram and of the plunger forcing pumps in Bramah's Press,

we see that they are required to be of a strength varying

directly as their radii, since the force of tension is in this ratio,
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and the pressure for both the same. When tubes of glass are

heated by the flame of a lamp so that the glass of which they
are made becomes softened and ductile, then bulbs are easily

blown in the glass by the pressure of air. These bulbs, taking
forms more or less spherical in the first instance, are by the art

of the glass-blower moulded to convenient shapes for use.

On the equilibrium of Floating Bodies.

In the previous propositions it has been shown that the

resultant pressure of a fluid on a body wholly or partly im-

mersed in it equals the weight of the fluid displaced by the

body and acts vertically upwards through the center of gravity

of the fluid displaced. In elementary hydrostatics this fur-

nishes the proof of the principle of the hydrostatic balance for

determining the specific gravities of bodies, and the condition

that a body may float in equilibrium at the surface of a fluid as

well as the means of ascertaining the nature of the equilibrium

in regard to its being stable, unstable or neutral.

When a body floats in equilibrium at the surface of a fluid,

the tendency of its weight downwards being balanced by the

resultant upward pressure of the fluid, we have the following

two conditions requiring to be satisfied in order to produce

equilibrium.

1. The weight of the body equals the weight of the fluid

which it displaces.

2. The center of gravity of the body and that of the fluid

displaced are in the same vertical line.

The depth to which a given body sinks in a given fluid

when floating in equilibrium was found for some forms of bodies

in the elementary treatise, for other forms the differential

calculus is required, and for others which are frequently

occurring in practice approximate methods only are avail-

able.

PROP. To find iJie depth to which a given ellipsoid sinks in

a given fluid when floating in equilibrium.
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The ellipsoid ACA'DC'E in the figure 34 floating with the

plane of floatation DNE in the surface of the fluid, it is required

to find the depth NC' to which it sinks.

The second condition for equilibrium requires that one of

the principal axes of the ellipsoid shall be vertical, let this be

the axis of 2, the origin of coordinates being the center of the

ellipsoid 0. Then OAx being the axis of a?, OBy the axis of y,

OCz the axis of z, let the equation of the surface of the

ellipsoid be

x* y* z*

a
+

'F
+ ?

=1
'

where OA =
a, OB =

b, OC = c in the figure.

Then taking a horizontal elementary lamina in the body

PMP'Q, which is elliptical with a thickness dz and OM=z, its

volume
= TT x PM xQMxdz

and the whole volume of the segment immersed, if ON = z', is

which is the volume of the segment of the ellipsoid, which is the

fluid displaced.

Let p be the density of the fluid, p' that of the ellipsoid,

then the first condition gives

ab L

or

p

which will have always one real root as a solution of the

problem of a floating body.
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If p'
= p} the body will rest anywhere in the fluid, and there

is no plane of floatation DE. The equation then becomes

of which the roots are all real and the equation is satisfied by
two equal roots z

f = c and another z = 2c, and the latter is

physically impossible.

If the depth to which a body sinks is known say if z = nc,

and n is given, we have

and either of the densities p or p being given, the other is

known.

In the equation for determining z'
t
we have only the semi-

axis c entering the terms, so that the depth to which the ellip-

soid sinks is independent of the other axes a and 6, and is the

same depth as a sphere of the same density would sink in the

same fluid, as may be found directly.

If / = 0, and the plane of floatation is the diametral plane,
then we have

and if p' is less than this the plane of floatation is below

and / is negative ;
whilst z' is positive when p is greater

than .

2i

PROP. To find the depth to which a given segment of an

elliptic paraboloid will sink in a fluid.

Let be the origin in figure 35 with Ox
y Oy, Oz the axes of

coordinates.

a? y*
Let z

-j
+ Y be the equation of the surface of the parabo-

loid, and let OC=h, then

AC' BC'
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by putting y and x successively = in the equation of the

surface
;

BG*
.-. r-i

AC*'

Let the length as in a ship be n times the breadth of the

beam, or let 2AC = n . 2BC, and from the equation,

AC2 BC*

~T ~T>

then I' = . .

n*

Taking an elementary horizontal elliptic lamina PQP'Q' for

which OM = z, and the thickness = dz, then its volume

= 7r.PM.QM.dz

-irJT70M.JlT70M.dz

TT Jll' . zdz.

Let the plane of floatation be DNE and ON= z', which is to

be found,

/-/ /*
the volume immersed = TT Jll' I zdz

Jo

_1T.l'

2n '

similarly the volume of the segment which is the whole body

Let its density be p', and p that of the fluid
;
and by the

first condition for equilibrium we have

I
,2 Trl ,, 2

which is the same formula as that found in the elementary
treatise or Part I. for a paraboloid of revolution.

When p'
= J p, then *' = J h.
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When p
=
T% p, then / = f h.

When the paraboloid is a hollow vessel with a load inside it,

the average density or specific gravity is to be found by the

ordinary rules, and if W = the whole weight, then

. , . . , , weight of the body
the specific gravity = p =

. ,. ., , -.

*
,

weight ot an equal volume of water

W in ounces

77- h? cubic feet) x 1000 ounces
Zn

If the vessel were a semi-ellipsoid, the average density

found by the same rule would be

, W in ounces

(f irabc cubic feet) x 1000 ounces
'

and the depth to which it would sink must be found from the

cubic equation of the previous proposition.

In these last propositions an evident position of equilibrium
has been taken

;
but with many bodies there are frequently

several positions of equilibrium in which the body may float,

and they depend not only on its form, but also upon its relative

density to that of the fluid in which it floats. These are ques-
tions of great importance in the theory of ships. In the next

proposition the method of M. Poisson is followed almost

exactly.

PROP. To find the positions in which a triangular prism
of uniform density may float in equilibrium with its axis

horizontal.

Let ABC be the triangle which is the perpendicular section

of the prism. It is sufficient to consider the equilibrium of a

lamina with its faces such triangles because each part of the

length of the prism is in like circumstances.

Let a, b, c be sides respectively opposite to the angles

A, B, C, and let D be the middle point of AB. Join CD and

let the angle ACD=a, angle BCD=0, also angle C=a+/3.
Then the center of gravity of the triangle ABC is at a point G
such that
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Let PQ be in the plane of floatation, we show firstly that

joining PD, QD we have PD = QD, for taking g the center of

gravity of the triangle PCQ and drawing the line Cgd meeting

PQ in d, then d is the bisection of PQ. 3 oin Gg and Dd
;

these lines are parallel because CD and Cd are cut proportion-

ally in G and g.

Now from the second condition of the body floating in

equilibrium the line Gg is vertical, therefore the line Dd is so

also. In the triangles PDd, QDd, we have the base Pd
= base Qd, the angles at d right angles and the side Dd com-

mon to both, therefore the side PD = side QD.

Let CD = h
y
then in the triangles PDC, QDC, we have if

sl3 ......... (1).

Let p = density of the prism, p = density of the fluid and

for convenience, let =
r, which is less than 1. since the prism

is floating partly immersed. The first condition for equilibrium

gives

p x area of the triangle PCQ x thickness of the lamina

=
p x area of the triangle ACB x thickness of the lamina,

xy . ~ ,db . ~
or p .

-%- sm C = p
- sm G

;
2i A

P -L j rab
.*. xy = ab, and y = .

p x

Substituting the value of y in (1) we have

,

x 2xh cosa = s--- h cos/3,
or %

or a* - 2h cos a a? + 2rabh cos/3 . x -rW = ...... (2).

This equation being of an even degree and the last term

being negative, by the theory of equations, it has at least two

real roots, one positive and one negative ;
also the other two

roots when they are real, must be positive by Des Cartes' rule

of the signs, since there are three changes of signs.
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The negative root is inapplicable to the problem since x

and y must be positive quantities less than 6 and a respectively,

and when x is known we have y from its expression y = -- .

x

If the angles A or B were immersed in place of C we should

have like results for each case and consequently it is possible

that there may be at most nine positions in which the prism

may float in equilibrium with one of its angles immersed in the

fluid.

When two of the angles are immersed as in the next figure,

let PC = x, QG=y to be found, with a, b, c, the sides re-

spectively opposite the angles A, B, C of the triangle. Let

AD =BD and CD = h&s before, and angles ACD = a, BCD = ft

then G being the center of gravity of the triangle ABC, g that

of the triangle cut off by the plane of floatation PdQ, we have

g' the center of gravity of the segment cut off APQB, in the

line gO produced, and the line g'Gg is by the second condition

vertical when there is equilibrium, and the lines Cd, CD being

cut proportionally in g and G, therefore the line Dd joining

D and d is also vertical. Hence as before the triangles PdD,

QdD are equals and PD QD as before.

And likewise

2 -2^cosa =
2/

2

-22//icos^............... (3).

Also using p, p, r as before the first condition of equilibrium

gives the equation

p x area of segment APQB x thickness of lamina

= p x area of triangle ABC x thickness of lamina,

or
fab . ~ xy . ~\ , ab . ~

p x f sm(7 ~ smC
J

= p x -=- smG
;

.*. xy ab ( 1 -
J

= ab (1 r) ;

and substituting in (3) we have

Now in this equation (1 r) is positive, and therefore there

may be three real positive values of x and y which fulfil the
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conditions for each angle, which is in succession without the

fluid or there may be nine positions in which the prism will

float in equilibrium with one angle out of the fluid.

Taking all the cases we see that a triangular prism may
float with its axis horizontal in eighteen different positions of

equilibrium.

When the prism is isosceles with the vertex immersed the

equations take much simpler forms which may be investigated

directly, or deduced from the general equations (2) and (4).

In the isosceles triangle we have

a = b, a = /9, cosa = cos/3 = -,
a

and equation (2) becomes

w* 2h cosa . xs + 2ra?h cos a . X r
2a4 = 0,

or x* - rV - 2h cosa . x (a?
- ra2

)
= 0,

or (x
z ra2

) (x
9 + ra? 2h cos a . x)

=
0,

which is satisfied if either

#2 _m2 =
0,

or a? + ra2 2h cos a . x = 0.

The first of these gives # = -f a \/r and x = a *Jrt and

the latter is inadmissible.

The second gives x h cosa + Jh* cos'
2
a ra8

, which is sub-

ject to the conditions that x<a and that &2
cos

2 a>ra2

; the

latter gives

h2

r < 5 cos a < cos a.
a2

The second gives a > a (cos
2
a -f v cos

4
a r),

or 1 cos
2
a > Vcos

4
a r,

and squaring each side, &c.,

12 cos
2
a > r,

or r > 2 cos
2
a 1 > cos 2a.
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There will be therefore one possible position of equilibrium

for each angle in the fluid whatever value r may have, and

when the vertex is immersed we have

and then when r lies between the values cos
4
a and cos 2a there

will be two others determined by the equation

/r
A/ 1 75V A2

cos a

when 2a = 60 the prism is equiangular and the limits of r in

order that there may be more than three positions of equili-

brium are that r lies between cos
4 30 and cos 60, or

1 91
2*

f r<
16

>
2'

which we see is a very narrow limit.

When the prism is isosceles with the vertex immersed and

the immersed angle is 80 we have the limits of r in order that

there may be three positions of equilibrium as follows,

r < cos
4 40 < -34436,

and r > cos 80 > -17365,

or r must lie between J and nearly and the limit is wider

than for the equiangular prism.

When the prism is isosceles with the vertex immersed and

the immersed angle is 50 the limits of r are

r< -67469 and r> '64279.

When the prism is isosceles with the vertex immersed and

the immersed angle is 40 the limits of r are

r < '77973 and r > 76604,

and the limits are closer as the angle immersed is smaller.

Again if the triangle is isosceles with the vertical angle of

magnitude 2a and this angle out of the fluid, we have to discuss

the equation (4) which is similar to equation (2) but with

(1 r) in place of r, and the limits from a like discussion are

1 r > cos 2a < cos
4

a,

r < 1 cos 2ac > 1 cos
4
a.
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Applying these to the cases above, we have for the equi-

angular prism 2a = 60, a = 30, and

r < 1 - cos 60 < J,

r>l-cos4 30> TV

Taking this in conjunction with the former result we see

that we cannot expect the whole eighteen positions of equili-

brium to exist for an equiangular prism floating with its axis

horizontal
;
and that on each side of the limits r =

-fg
and f =

yg-

there will be only six such positions.

With an isosceles prism having the vertical angle 2a = 80

we have the limits of r with this angle out of the fluid,

r < -82635,

r> -65564.

We see on comparing with the results for the same prism
with the angle 80 in the fluid that if there are three positions

of equilibrium in one case there will be only one in the other,

and for other values of r there will be only one such position

for each case.

With an isosceles prism having the vertical angle 2a = 50

we have the limits of r, when this angle is out of the fluid,

r< -35721,

r> -32531.

With an isosceles prism having the vertical angle 2a = 40

we have the limits of r, when this angle is out of the fluid,

r< -23396,

r > -22027,

and the limits are nearer as the angle is diminished.

The positions of equilibrium of floating bodies are so impor-
tant in the theory of shipping, that it is desirable to examine
them for other forms to which ships may approximate.

PROP. To find the position in which a parabolic cylinder
will float in equilibrium, or one of which the perpendicular
section is a parabola.
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Let GAG' be the parabolic section of the prism of which a

lamina of any thickness may be taken
;
which sinks in the fluid

to the water line DFE and let the depth of the vertex A be

AF=x, when the axis AB is vertical. Let AB= a, BG = b,

and y*
= 4>mxy the equation of the parabola in fig. 38 to origin

A and axes Ax, Ay.

Then 6
2 = 4ma, and m is a known quantity.

Let G be the center of gravity of the segment GAG' and
therefore

Let g be the center of gravity of the fluid displaced,

therefore

Let the lamina be turned, keeping its plane vertical, until it

comes to a new position of equilibrium with the water line

D'FE
', and g the center of gravity of the fluid then

displaced.

The conditions for equilibrium are that the volume of fluid

displaced is the same before and after the change of position,
and the line joining g' and G is perpendicular to the water line

D'FE, and parallel to the normal A'N, taking the tangent

TA'y at A' parallel to D'F'E' and AF as oblique axes of

coordinates.

Let y
1* =

.
2

* . x be the equation of the parabola to these
sin \j

oblique axes
;
and

= 90 -ANA =90-<.

Then the area of the segment D'A'E'

. n 2 4
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Similarly the area of the segment DAE

and since these are equal, therefore x = x.

Let p be the density of the prism, p that of the fluid, then

the first condition for equilibrium gives

4 , , 4

8 , | 8 f .

or > B MT

Again, since #'6r is perpendicular to the new water line

D'F'E' it is parallel to the normal AN, and drawing A'M
parallel to Ay y

let AM= x
lt
A'M= ylt

which are to be found, and

then the angles A'TA and angle < will be known.

A'g
o

r
>

o

Again, we have cotan
<j>
= tan 6 = -~

2m 2m

or
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Now tan
<f>
= 0, when

Wm

and the equilibrium with the axis vertical, is then neutral, as

also found in the discussion of the metacenter further on. When
a is larger than this value, then if the first position was one of

stable equilibrium, the others on each side of it will be of

unstable, and if the first position was one of unstable equili-

brium, the second ones will be of stable equilibrium.

When

10m
a <

-rnVP/ j

3 1-

then there is no inclined position of equilibrium, and the

original position is one of stable equilibrium.

The density of the prism has been considered uniform, but

the results depend upon the position of G and the form and will

be the same where these remain the same, however the average

density may arise. In this latter case, however, there will be a

position of unstable equilibrium when the axis AB is vertical,

but the point A is out of the fluid and the point B is im-

mersed.

PROP. A floating body receives a small disturbance about an

axis through the center of gravity of the plane of floatation, to

show that the fluid displaced is unaltered in volume.

Let G be the center of gravity of the first plane of floatation

whose section by the plane of the figure 39 is AB. Let aGb be

the section of the plane of floatation after a small angular
disturbance about an axis through G perpendicular to the plane
of the figure.

Let m and n be the centers of gravity of the two parts of

the plane of floatation whose sections are AG and BG respec-

tively. Let Gm=x
v , Gn = x

2 ]
let A

I}
A

2 be the areas of

these parts and the angle of displacement A Ga.

P. H. 5
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Then since G is the center of gravity of the whole plane of

floatation, we have

and /. A^ . 9 = Ajc2
. 6

;

and by Guldinus's properties of the center of gravity, these are

the volumes of the wedges whose sections are AGa and BGb.

Hence the fluid displaced is the same before and after

disturbance.

PROP. To show that when a floating body receives a small

angular disturbance, the intersection of the two planes of floata-
tion passes through their common center ofgravity.

Let be the intersection of two planes of floatation in fig.

40, whose sections are AOB and aOb\ let m and n be the

centers of gravity of the two parts whose sections are AO and

BO and whose areas are A^ and A
z respectively, and let

Om x
lt
On= x

z
.

Then since the volume of the fluid displaced remains the

same, the volume of the wedge whose section is AOa equals the

volume of the wedge whose section is BOb.

But these volumes by Guldinus's properties are Ajcfl and

A
2x^0, and

A&mAjfc.
Now if x were the distance of the center of gravity of the

whole plane of floatation from 0, and A its area, we should

have

A = A
l
+ A 2 ,

and Ax^A^ A
z
x

z
.

Therefore x = 0, and is the center of gravity of the planes
of floatation AOB, aOb, as required.

PROP. When a body floats in equilibrium at the surface of a

fluid, to find the position of the metacenter, and the conditions

that the equilibrium may be stable, unstable or neutral.

Let ACBD be the section of the floating body which is

turned about an axis perpendicular to the plane of the figure 41,

and let G be its center of gravity.



FLUIDS SUBJECT TO THE ACTION OF GRAVITY. 67

Let AOB be in the plane of floatation before disturbance,

aOb in that after disturbance, and the angle AOa =angle B0b= 0,

which is very small.

Let H be the center of gravity of the fluid displaced before

disturbance, H' that after disturbance. Then the line HGM
was by the second condition of equilibrium vertical before

disturbance; let the vertical line H'NM through IT meet it in

M\ then M is the metacenter of the floating body whose position

is to be found.

Let g and g' be the centers of gravity of the wedges whose

sections are AOa and BOb respectively, and Om, On their

horizontal distances from 0. Let OFF' be the intersection of a

vertical plane through the axis about which the body is turned,

with the plane of the figure ;
draw the vertical line GL and the

horizontal lines ELF, H'F' and GN. Then the angle HGL
= angle EMIT =* 0.

Now taking the moments of the volume whose section is

AaCBbO, with respect to the vertical plane through and the

axis about which the body is turned, made up in two different

ways, we obtain the equation volume whose section is

AOa x Om + volume whose section is aCb x H'F' = volume

whose section is BOb x
( On) + volume whose section is

ACB x HF.

Or volume AOa x Om + volume BOb x On = volume of fluid

displaced x(HF-H'F).

Let the axis of y be taken, the line perpendicular to the

figure through 0, and Oa the axis of x
;
then if dy . dx be the

area of an element in the plane of floatation whose coordinates

are a?, and y, the corresponding element of the wedge AOa will

be x0 . dx dy, and its moment about the axis of y will be

x*0 . dx dy and therefore the moment

volume AOa x Om =
jjx*dx dy

dx moment of inertia of the part of the plane of floatation

whose section is Oa (considering it to have a mass unity in an

area unity); and similarly for the moment volume BOb x On.

i 9o z
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Therefore if I is the moment of inertia of the whole plane
of floatation about the axis of y, and V is the volume of the

fluid displaced, we have

.1= V(HF-H'F') =

= V.e (GM+GH) since is very small,

or GM= ^
- GH.

If H is above G, we have GH negative and the general

formula for finding M is

which gives GM when /, V, and GH are known; and the

equilibrium is stable, when GM is positive or G is below M
;

is

unstable when GM is negative or G is above M\ is neutral

when GM 0, or G and M coincide.

PROP. To find the metacenter of a cylinder floating with its

axis vertical, in any fluid, and to find the length of the axis

when the equilibrium is neutral.

Let AB = h be the axis of the cylinder in figure 42. BM= x

the depth it sinks when floating in equilibrium with CND the

plane of floatation. Then if a be the radius of the perpendicular

section of the cylinder, p its density, and p that of the fluid, by
the properties of floating bodies we have

7ra?h . p = 7ra?x . p,

Then ifM be the metacenter, G the center of gravity of the

body, H that of the fluid displaced, we have

,

and GH=
| (h -x) = \li (l

-
-)

.
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Again the moment of inertia I of the plane of floatation, by

Dynamics, is

2 a2

4-;

and the volume of the fluid displaced

which gives GM when a and h are known.

When GM=Q, and the equilibrium is neutral, we have

h - a
\/2P'(p- Pr

If h is greater than this value, the equilibrium is unstable

and the cylinder will fall over on being disturbed
;
but if less it

will float with its axis vertical in stable equilibrium.

If the fluid is water and we take p = l, and the specific
/

gravity of the body = - = $, then

for neutral equilibrium.

PROB. When a cone of uniform density floats with its axis

vertical in water, to find the condition that the equilibrium may
be stable.

Let ACD be the cone in
fig. 43, floating with the axis

AB = h vertical, and BC the radius of the base = a
;
let PNQ be

the plane of floatation and AN x
t PN=y\ let the specific

gravity of the cone = = 8.
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Since the cone cut off by the plane of floatation is similar to

the whole cone, we have the ratio of their volumes

or

and

3 3
and AG^'-h, AH = -

x,
4 4

Also the moment. of inertia of the plane of floatation

'~

In order that GM may be positive and the equilibrium

stable, we must have

PROP. To find the metacenter of a hemisphere whose density

is p floating in a fluid whose density is p.

If x is the height of the plane of floatation above the lowest

point of the hemisphere, we have to find x from the weight of
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the hemisphere equalling the weight of the fluid it displaces, or

Then x being known, we have from Statics

r 5 x (8a - 3x)
"XI = rr & ,

8 4 (3a x)

also / = -
Try

4
-TTT (2ax #2

)

2
,

4 T*

, 3 ( 2ax - x* 5a2 - lax
whence -. --s 5 -

8 (p a3 3a-a? j

PEOB. To ^cZ ^Ae metacenter of an isosceles prism floating in

equilibrium with its axis horizontal and base parallel to the

surface of the fluid.

Let ABC be the perpendicular section of the isosceles prism
in figure 44, with its base BC horizontal and = 2a, and AD
bisecting CB in D, vertical and = h.

Let PNQ be the plane of floatation, and AN= x, PN =
y.

Then if the section in the figure is made through the center of

gravity G of the prism, and H that of the fluid displaced, the

metacenter M for a disturbance in the plane of the figure will

be in that plane also. Let now the length of the axis of the

prism, or of its edges be I.

Then if p be its density, p that of the fluid, we have in

equilibrium

V.p = V'.p>,

or xyl . p = ahl . p ,

i

.'. xy Gih
\

u y a
but - = T >x h

and a;
2

T = ah ,% p
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2
and A G h

o

-!Vf
Also the moment of inertia / of the rectangle which is the

plane of floatation, with the unit of mass corresponding to the

unit of area, is

2
7

2 .
3 a

3

'-i^l^p;
and the volume of the fluid displaced

= x . y . I

a
X
h

_2
~3

2
which is of a similar form to that for the cone, but with - h in

o

place of 7 h, and A / in place of // .

Where 6rM= 0, and the equilibrium is neutral,

cos
2
a'

if a is the half the angle of the prism which is immersed, or

cos
4
a = .

P

Applying this result to the former discussion for the isosceles

prism floating in equilibrium, it satisfies the first condition, but
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that there are then no other positions of equilibrium with this

one angle immersed.

PROB. To find the metacenter of a parabolic cylinder floating

with its vertex downwards.

Let ABCD be the perpendicular section of the cylinder

through its center of gravity G ;
then H the center of gravity of

the fluid displaced will be in the same vertical plane.

Let y
2 = kmx be the equation of the parabolic section of the

cylinder in the figure 45, and AC = a, BC = b; also AN = x,

PN = y when PNQ is the section of the plane of floatation,

then b
2 = 4<ma and m is a known quantity, let I = the length of

the axis of the cylinder. Let p = density of the liquid, p that

of the cylinder,

2
then V = volume of the cylinder

= ~ . 2bal

V volume of the fluid displaced
= -

yxlt

o

but Vp = V'p or xyp = abp,

I f Pand x = a . .

3 3
Again AG = -AC = '-a ............by Statics,

Q

similarly AH = -=x,

and

Again, the moment of inertia / of the plane of floatation with

the unit of mass coinciding with the unit of area, is that of

a rectangle, and
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=--!{-'}
When GM and the equilibrium is neutral we have

10m
a =

which is in accordance with the former discussion.

PROB. To find the metacenter of a segment of an elliptic

paraboloid floating with its axis vertical.

Let OABD in fig. 46 be the segment of the paraboloid like

as in fig. 35, whose equation is

with origin and axes Ox, Oy> Oz as in the fig. 46. Let PNQ
be the plane of floatation, and ON z the depth to which the

paraboloid sinks in a fluid whose density is p and the density of

the paraboloid is p'.
Then if h = 00 the length of the axis of

the segment, we have, as in the discussion of fig. 35,

z =

and if the length be n times the breadth or AC=n.BC by

putting successively y = 0, x in the equation of the surface

we have for z = OC
AC* DC*00- --T.

and
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Now if x, y are the coordinates of a point in the elliptic

section which is the plane of floatation PNQ, where ON = z,

we have

or

of the form

the equation of the ellipse which is the water-line of floatation.

If the moment of inertia of the plane of floatation about the

major axis PNQ is / we have by Dynamics

(A minor axis)
2

/ = mass of ellipse x 7

I

P

and V= volume immersed as found in the discussion of fig. 35,

2/i 2/i
' '

p
'

Also if G and H are as before, the centers of gravity of the

segment and of the fluid displaced respectively, we have by

Statics,

tben
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and M being the metacenter, we have

TTl p'

- p-
V P

by substituting for n its value n =

or

When CN=%1' we have GM = Q and the equilibrium is

neutral, and when CN is greater than }Z' it is unstable, so that

for the stable equilibrium of a segment of an elliptic paraboloid
it is necessary that the distance CN shall be less than f I' or less

than | of the latus rectum of the parabola which is the middle

cross section of the segment.

If the displacement were about the minor axis of the plane
of floatation and M were then the metacenter, we have by a

similar procedure

PROB. To find the metacenter of a heterogeneous floating body
or loaded vessel, theform of which below the water-line is a semi-

ellipsoid of three unequal axes.

Let ABA'NB' be the plane of floatation of the body in

fig. 47, and ON=c, AN=a, BN=b the semi-axes of the

ellipsoid whose equation is
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The moment of inertia of the plane of floatation / about

ANA' is Trab -^ ,

and that about BNB' is irab . -j .

4

The volume of the fluid displaced V
}

is f Tra&c, also by
Statics OH=%c.

The body or vessel with its load being heterogeneous, we

must know the position of its center of gravity G, let OG d to

be given.

Then if M is the metacenter for a displacement about

ANA, and M that for a displacement about BNB', we have

~

IT

-H-)
it \AJ\J\J

362 +5c2
,
d

>

and similarly GM' = T^ +

and the degree of stability with which the vessel or body floats

depends on the depth to which it sinks, its breadth of beam and

the position of the center of gravity of the vessel and its load.



CHAPTER III.

ON THE CAPILLARY ATTRACTION OF LIQUIDS ;
AND ON THE

EQUILIBRIUM OF FLEXIBLE SURFACES.

THE principal cases which come under our notice, in the dis-

cussion of the phenomena of the capillary attraction of liquids

in contact with solids, are portions of a more general problem,
the equilibrium of flexible surfaces under the actions of internal

and external forces. As only a few cases of the equilibrium of

flexible cords are discussed usually in treatises on Statics, it

becomes necessary here to investigate the more general case of

the equilibrium of flexible sheets in the first instance. We
suppose in the first instance that the flexibility is perfect, or

that no forces of torsion or flexure exist in the sheet, but only
those which resist extension or compression.

We define tension in lines, cords, straps, bands or fillets to be

the force of resistance exerted to prevent change, or further

change, of form or of distance of molecules at any points by the

external forces acting on the cord or sheet, and it is therefore an

active force to be included with the other active forces.

When exerted along their lengths by straps, bands or fillets

of any breadths, the part of the whole tension which is exerted

by particular breadths will be proportional to the breadths, if

the tension is supposed uniform through the whole breadth.

Thus if T is the tension due to a unit of breadth at any point of

a stretched sheet and uniform, the tension exerted by a breadth

dS is TdS. When the external forces act only at the ends of a

fillet either straight or passing over smooth surfaces, the tension

is the same along the whole length of the fillet and is balanced

at each internal point by the opposite tension, but at the extre-

mities by the external active forces.
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When flexible sheets curved or plane are stretched in

different directions there will be tensions exerted in the sheet,

generally varying from point to point both in magnitude and

direction.

In discussing the equilibrium of flexible surfaces there are

two distinct problems to consider
;

first the equilibrium of the

surface as a whole under the action of the external forces acting

upon it, and secondly the equilibrium of each point in the

surface under the actions of the external and internal forces

acting at that point, which involves the form of the surface

itself. The first problem is supposed to involve only the

ordinary conditions for equilibrium as discussed in Statics, and

these conditions to be satisfied independently.

The second problem is now the one we have to consider,

and we know from the statical problem called the polygon of

forces that when any number of forces in equilibrium act at a

point they can be represented in direction and magnitude by
the sides of a polygon taken in order, with the sides either in

one plane or in different planes.

In such a problem the number of forces and their directions

may be any whatever : but the problem can be discussed more

easily by resolving the forces into three rectangular directions,

and the conditions for equilibrium of the given point are that

the component forces in each of these directions must balance

themselves. This second case of the equilibrium of each

point or element of the flexible surface under the action of the

external and internal forces, is only a particular case of the

ordinary statical one, and the conditions to be fulfilled are the

same when we employ analytical methods, that is, we have three

necessary and sufficient equations to fulfil for the equilibrium of

the forces acting at each point or elementary area, upon the

surface
;
which forces comprise the internal and external forces

acting at that point.

By the principles of statical science, when three forces are

in equilibrium at a point they must be in the same plane,

because the resultant of any two must be equal in magnitude
and opposite in direction to the third force. We know there-

fore that when two opposing tensions and an external force are
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in equilibrium at an elementary area of a flexible sheet, the

same rule must hold good, and it also must hold good if

the tensions transmitted in any manner through a sheet are

equivalent to resultant tensions acting in different directions

through an element of the surface for each set of resultant ten-

sions and their corresponding portions of the external forces.

From these considerations we learn that in all ordinary problems
of the equilibrium of flexible surfaces of regular forms and

symmetrical positions where the external forces arise from

gravity or the pressure of fluids, the resultant tensions will act

along the lines of curvature of the sheet, since it is only for

points taken in succession along such lines, which are at right

angles to each other as shown in analytical geometry, at each

point, that consecutive normals to the surface meet, and the

conditions can be satisfied.

PROP. To investigate the equations for the equilibrium of an

element of a flexible surface when acted upon by given external

forces.

Let ABC be the flexible surface in equilibrium in figures

48 and 49, whether originally extensible or inextensible. Let

X, Y, Z be the external impressed accelerating forces acting at a

point P upon a unit of mass, parallel to the axes of coordinates

Ox, Oy, Oz respectively.

Let T and T be the tensions due to a unit of breadth

acting in the arcs of the circles of curvature and along the lines

of curvature ultimately, through P, as is evidently necessary for

equilibrium, since for these lines only in general consecutive

normals meet and a normal impressed force can be balanced.

Let dS, dS' be arcs of the principal circles of curvature and

the sides of an elementary rectangle at P along which T and T'

act respectively, so that TdS' and TdS are the tensions acting

perpendicularly to the sides dS and dS' respectively. Then if

x, y, z are the coordinates of P
;
x + dx, y + dy, z-\- dz those of

the further extremity of the arc dS, and x + dx', y + dy, z -f dz

those of the further extremity of the arc dS'; we have the com-

ponents of TdS' parallel to Ox, Oy, Oz respectively,

&> Tds'%>
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and those of T'dS respectively

But since there are opposite tensions at each point, we shall

have only the increments of these entering the equations of

equilibrium of the element with the external forces
;
and for a

function of 8 = F(S), we have

ultimately.

Let p be the density of the sheet or of the elementary area

dS . dS' at P, and T the thickness of the sheet at P
;
then the

impressed moving forces acting on the element parallel to the

axes of coordinates respectively are XrpdS . dS', YrpdS . dS',

ZrpdS . dS', and the three necessary and sufficient equations for

the equilibrium of the element become

XrpdS.dS'+ ds
dS + d8

)

dS' = Q ......... (1),

d(rasrj|) d(rx}%)
YrpdS .dS'+

V
.

*""
dS + V

. .

^ J
dS'=0 ......... (2),

Z>rpdS.dS'+
v

J0 dS+ x "
'cftSf'^O (3)

dJS dS

Taking z=f(x,y) the equation of the surface, we have

d^ + ^/_
2

+ = 1

dx 2
dv'

2
dz'

2

and if

_dz _dz

are the partial differential coefficients of z with respect to x and

y ;
the total differential of z is

dz=pdx + qdy,

P. H. 6
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and the equation of the tangent plane is

z' -z=p(x'-x} + q(y
f -

y).

These equations may be put into other forms for particular

cases and for particular forms of surfaces, such as cylindrical

surfaces and surfaces of revolution.

PROP. To adapt the general formula? to the case of the

pressure of fluids, which is a normal force to the sheet at each

point

Let k = Jl+p* + q
2 with p -r- , q

=
-^-

the partial diffe-

rential coefficients of z, and remembering that

pdx + qdy dz =
;

let .ZVbe the normal pressure at the point x, y, z, upon a unit of

area if as at that point, so that j^ dS . dS' is the pressure on the

elementary area dS . dS'. Let a, /:?, 7 be the angles which the

normal at the point x, y, z makes with the axes of coordinates

respectively, then

p q 1
cos a. = ,

cos P = ~ i > cos 7 = 7. >

and from the equations (1), (2), (3), we have

NdS. dS' = NdS. dS
f

(cos
2
a + cos

2
/3 + cos

2

7)
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Now dS and dS' being generally independent of each other,

we may omit the common factor dS . dS' and we see that the

dT dT'
coefficients of ^ and -7 are zero, on performing the differen-

tiations
;
so that

IP+ _ _
k' dS'* k dS'* k

But by analytical geometry if R and R are the principal

radii of curvature, we have

R -
d2
z d*x

R=

and the equation becomes

T TN .4-

-R + R"

which can also be found by more elementary methods.

Ex. 1. To apply the above formula to the case of the soap-

bubble when of spherical form.

We have now N the difference of the elastic force of the air

in the inside and on the outside of the bubble, with R = R,
and T = T at each point of the surface,

- N-W~
R '

which gives the relation of N and T when R is known.

Ex. 2. To find an expression for the tension in cylindrical

pipes when subject to fluid pressure.

One of the radii of curvature is now infinite, let R oo
,

T T
.'.

^>
==

J andj?V=

62
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or for a given value of N we have T varying as R varies, or for

a given internal pressure the tension in the pipe is less as its

radius is less.

Ex. 3. A piece of bladder is tied over a circular aperture of

a receiver of an air-pump, when a portion of air is pumped out

of the receiver and the value of N the difference of the inside

and outside pressures is known, we require still to know the

form which the stretched bladder has taken, or the values of R
and R' at given points before we can find the relation of the

tensions T and T. IfT=Twe have

T- N R * R'

R + R"

and the tension is known when R and R are known. When
the bladder has a spherical form and R = R at each point, the

result is that of example 1.

PROP. To adapt the general formulas of equations (1), (2)

and (3) to the case of cylindrical surfaces.

Let the generating straight lines of the surfaces be parallel

to the axis of y, and let dS' be taken along one of the generating

lines, then

^_ ^'_ %_'_! ^/_
dS' dS' dS'~ dS~ '

also the common factor dS . dS' may be omitted, and the equa-
tions (1), (2), (3) become

dS
=0

Ex. 1. To find the form of a cylindrical sail under a

constant pressure of the wind
;
or to find the curva velaria of

James Bernoulli.
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Let OPABO be a portion of the cylindrical sail in figure 50,

with the generating straight lines of the surface parallel to the

axis of y. Let OPA be the intersection of the surface with the

plane of xz, and let P be any point in it. Draw PM =
z, and

PG the normal at P, with OM= x.

Let a be the constant pressure of the air upon a unit of area

of the surface, in the equations (4), (5), (6), we have

Xrp = a cos PGO = a -^ ,

7T

Yrp = a cos
gT O,

~~"dS
dx

Zrp = a sinPGO = - a -7

From (5) we have

YrpdS'
= constant = 0, say,J

or the tension is constant in each generating line of the surface,

but may vary in any arbitrary manner from one such line to the

next, without affecting the form of the curve OPA
t and may

be zero.

From equations (4) and (6) we have

= C az,

If the lowest position of the generating line of the surface is

the axis of y where the tension is T and x 0, z 0, -v~ = 0,

dx
-Ta = 1, we have in the above integrals

C' = and C= T = the tension at 0.
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Substituting in the above equations we have

T=(T -az)
d- = ax

or I ax dx = I (T az) dz

and C" = since x = at when z 0,

which is the equation of a circle with radius -
, as found for

a

cylindrical pipes in a former example.

To find T we have

dx _ T
Q

az

dz ax

dS T
whence - =

dz ax

and T= ax . ^-
= T

,

or T is constant.

PROB. To find the form in which a rectangular flexible

heavy sheet will hang when suspended by two of its parallel sides

from two horizontal parallel lines, and the tensions at any points,

the only external force being gravity.

Let BE, CD be the parallel horizontal straight lines from

which the rectangular sheet in figure 51 is hung. Let be the

origin of coordinates Ox, Oy, Oz the axes, and OAz vertical with

A the lowest point of the side of the sheet which is in the plane
of xz.

Then if P is any point in AB and AP = S, let OM=z,
PM = x, y = be the coordinates of P.

The surface being evidently cylindrical the equations (4),

(5), (6) apply to it, and we have X = Q, F= 0, Z = -g for

gravity.
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The equation (5) gives

or T=C
9t constant,

and is indeterminate, since after the sheet has taken its form

from its weight, any equal and opposite tensions T may be

applied parallel to the axis of y without altering its form, and

may change from one generating line to another in the sheet.

From (4) with 8 = AP we obtain

=

or T-r = Cx , constant,

or the horizontal part of the tension T parallel to Ox is the same

at all parts of the sheet.

Since grp is the weight of a unit of area of the sheet, the

weight of a length of the sheet equal to a = OA and of a breadth

equal to unity will then be grpa, and if this equals Gx we have

T= grpa
-^-

=the whole tension at P due to a unit of breadth

if taken parallel to Oy.

Substituting in (6) we have

dz dl

dS

or a dx

dx

and at A, -r- = 0, when 8 = 0,ax

j dz 8
and -y- = -

,ax a
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but
dS
dz'~M dz*

SdS

a

and

and when S= at A, we have

OA = z = a

and or = *-

dz S v 3
2 ~

dx a~ a

adz

and x = at A when z = OA = a
;

<7 = alogf a,

and x a loi

or

and

or

z+Jz*-d<=a.e,

z Jz* - a2 = a . e~,

a ,
*

z

which is the equation of the curve BAG and which is the

ordinary catenary curve.

From this we have

since
dz S

dx
~~

ds:
'

dx
~~

a a
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and
T=gTpa^=grpzJ

which is the weight of a unit of breadth of the sheet and a

length OMz, a property of the catenary curve.

COR. In suspension or chain bridges the investigation of

the curve in which the chain will hang is dependent on con-

siderations like those for the ordinary catenary curve, but with

the term grp variable as it depends on the variable weight of

the chain, which ought at each part to be in strength propor-
tional to the tension it has to bear, together with the weights of

the suspension rods and roadway. These will differ with the

circumstances of the locality of the bridge and extent of span

required. The nature of the anchorage for the ends of the

chain in the ground being of primary importance, may deter-

mine the desirableness of a shallow or deep curve in the chain,

which of course in passing over the vertical pillars must make

equal angles on each side of them so that the resultant pressure

upon the pillars may be vertically downwards.

If the term grp which represents the weight of a unit of area

of the sheet at any point can be expressed as a function of the arc

AP = S say grp=f(S), we shall have the tension at A = TA
required to be given, and then

dS

and

and if the function f(S) is so given that the integrations can be

performed, the form in which the chain will hang can be

determined. The desirable properties of such constructions

have been hitherto but little manageable by analysis, and the

engineers have been left to produce a level roadway by altering

the lengths of the suspension rods after the erection of the

bridge.
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PROP. To adapt the general equations for the equilibrium of

flexible surfaces to surfaces of revolution.

There are two cases of surfaces of revolution to consider,

first, when there is continued curvature at all points on the

surface
; secondly, when the surface has a conical point or

cusp.

Let APCB be the surface of revolution generated by the

revolution of a curve line CPD round the axis of z
; Oz, Ox, Oy

the axes of coordinates, and first, let the curvature at C be

continued curvature, secondly, let there be a conical point or

cusp at C.

Then CPD being a meridian on the surface, and P'PP" a

parallel, draw PM a perpendicular upon the axis and let

PM = r the radius of the parallel making the angle

PHP = DOA =
</> ;

with #, y, z the rectangular coordinates of P, and CP the

arc = S.

Now the meridians and parallels being the lines of curvature

along which dS and dS' are taken respectively, we may omit the

factor dS.dS'in the general equation (1) and (2), but in (3) the

condition that the surface is of revolution round Oz must be

established, and we have

so we may omit the factor dS . d(j> in (3) and the general equa-

tions become

dx\
*"*

=0 (7),

j(rr dy\ j(rjvdy'\a I I -TV }
a

\-
L ~jw }

\ dSI . \ dSJ = Q (8)>

Zrp.r + =0 (9).
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When there is a conical point or cusp at C on the axis of z

of a surface of revolution, we must substitute rd(f> for dS' in the

equations (1), (2), (3) and omitting the common factor dS .
d<f>,

they become

(12).

If Tand T' be eliminated- between the three equations of

any of the above sets, there will result an equation of condition

containing the coordinates of the given point upon the surface,

their differential coefficients, and the components X, Y, Z of the

external forces acting at that point ;
which equation of condition

must be satisfied in order that equilibrium may exist. For a

regular surface, to ' this end it is essential that X, T, Z may be

expressed as constants or functions of the coordinates of the

given point, and the equation of condition then containing
constants with the coordinates of the point and their differential

coefficients, becomes the equation of the flexible surface, when
such surface is possible.

The form of the surface in equilibrium evidently depends on

the external forces, and when the form, as spherical or any
other, is given the external forces will satisfy the equation of

condition. The equations also then give the laws of the

tensions T and T.

PROB. To apply the general formulae for the equilibrium of

flexible surfaces of revolution to the case of a uniform pressure of
the air, as the external force.

Referring to figure 52, let x, y, z be the coordinates of any

point P with PM =
r, CP = 8 and the lines of curvature through
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P, being the meridian CPD, and the parallel P'PP" ;
and the

elementary arc dS' measured along the latter.

If a is the constant pressure of the air on a unit of area of the

flexible surface acting in the normal at each point, we have the

horizontal component = a -y~ ,wo

the vertical component = a -y~ ,ao

dz x

dr

Substituting these values in the equations (7), (8), (9) we have

form (9)

Integrating

dz ^ &T*
r
~dS

= "T '

and 0=0, since

^? = o

at the lowest point C in the figure when r = 0.

ar dS

and is known when a and the equation of the surface is known
;

also T is positive since -r- is negative.

Substituting this value of T in the equations (7) and (8) we

have
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a* -as)dz x

dSJ_ ^dz y

dy"

< fy\
dz

'

dSj

'(*)
dS'

/ J^'\ /

d

or

dS

Now as the circles of curvature at each point of the surface

ultimately coincide with the lines of curvature, these two latter

equations will give the values of T' for the two cases according

to the way they are applied, that is, we may find T' as acting in

the circles of curvature where the equation of the generating
curve for the surface or the meridian is known, since the

radius of curvature is the length of the normal from the surface

to the axis of revolution
;
or otherwise we may find T' as acting

in the parallels and suppose the surface made up of elementary

rings in planes perpendicular to the axis which are the parallels

d (T'}
with T' the same throughout each parallel ; or J ^/ = 0.

fto

The above equations are reducible to a simpler form as

follows.

When z and r vary as well as x and y in the same meridian

we have the angle < = DO . x in the figure 52 a constant, and

x = r . cos $, y r . sin
</> ;
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dx ,dr dy . . dr
^r cos -,- ,

- = sin d> -r .

dz ^dz' dz r dz

Along the parallel we have r constant whilst x and y

vary, and

x* + f = r\ dx'
2 + dy* = dS'\

drf dy _'+ *' m

If we multiply the former one, of the above equations by x
or its equivalent r cos

<f>
and the latter one by y or its equivalent

rsin< and add the two equations which are the results,

we have

ar

,

m, dz arT - ar --
,/ dr\
d [r -J-]

V dz/

which gives the value of T' along the parallel when the equation
of the surface of revolution is known, and we must remember

dz
that for our figure -T is a negative quantity.

CcO

PROB. To apply the equations found above to the case of a

spherical surface subject to a constant normal force.

This case has been already discussed from the general
T T'

equation N= ~^+^y f r the tensions in any great circles of

the sphere since we have R' = R and T' = T =
-^-.

If the

surface were made up of elementary rings which were parallels,
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and these were held together by tensions in the meridians, we
must proceed as follows.

Let z* + r*
2 = z* + xz + y

z = jR
2 be the equation of the spherical

surface.

We have

dS Idr* 7, 1^

R
r

and taking the negative sign as applying to our figure,

we have

m ar dS _a . R

which is the same as the above since N = a and constant.

To find T' acting along any parallel, we have

dr z

d(
V dzi dz _

and the value of T' becomes positive since the value of

is negative, and

2R '

and when the parallel becomes a great circle we have r = R and

,, _ a . R
2

'

as before found in a meridian, which is evidently correct.
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These results may be obtained also from the more general

case of the surface of an ellipsoid of revolution subject to a

constant normal pressure, as discussed in the next proposition.

PROP. To find the tensions in the surface of an ellipsoid of

revolution when subject to a constant normal pressure.

Referring to the figure 52, of the proposition for surfaces of

revolution, let

be the equation of the surface
;
and let N be the resultant

normal pressure on a unit of area of the surface, which is the

same over all the surface.

We have

dr _ a2 z

dz~ c
2 '

r

. dS
cr

From the general propositions we have in the meridians

N.r dS N ,--- --

7 nr

by taking the negative value of -^- ,
and

Substituting the values of ^ and -=- in the expression for

T', we have

r dz Nr

(J \r\

^ dz Nr
a

[ -*<"

= Nr -r^ ^-
dS 2 dS
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cr

= Nr* (2c
2 - a2

)=

2c 7a4 + r2

(c
2 -a2

)

'

when the ellipsoid becomes a sphere we have

c = a = R,

NT*
and y =

-^ as before found for the tensions in the parallels.

If c is greater than a, the ellipsoid becomes a prolate

spheroid and the expressions for the tensions are possible.

If c is less than a the expressions for T and T' are still

possible until a2
is equal to or greater than 2c

2
or a equal to or

greater c V2. For I7 '

becomes then or negative, which cannot

represent practical cases, unless T and T' are supposed to repre-

sent reactions as either pushing or pulling forces, or that the

surface may resist compression as well as extension.

When the ellipsoid becomes a paraboloid of revolution of

which I is the semi-latus rectum of the generating parabola, the

above expressions become

PROP. To find the tensions in the surface of a right cone

when subject to a constant normal pressure.

Let ABOChe the conical surface and OM=z, PM = r in

figure 53.

Let the height of the cone AO =
c, and half the angle of the

cone OAB = a, also a = tan a. Then x, y, z being the coordinates

of P to the axes as in the figure we have

r = (c-z)a, x* + f=r\ AP = 8.

P. H. 7
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Let N be the constant normal pressure, then

the horizontal part of N= N cos a

and

the vertical part of N =N sin a

aN

,

dS = N/l+a
2

dr
~

a

Xrp

Yrp

Zrp

N x

JT+tf'*'

N y

Jl + a2 > '

Na

ViT^2;

'M8
J\Ta . r V dj8f/

^r =^^ = ^~1+a2

do

a

and at J., r = 0, /. = 0, and

T__Nr dS
~

2
'

dz
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Substituting in (10) and (11), since
^ /=0, and multi-

plying (10) by #=rcos<, (11) by y= r sin < where
<f>

is the

angle PMp in the figure and constant whilst r and z vary for

the same plane.

dx . dr dy .
,

dr
'

d
=

cos<t> -dS' dS^ + 'dS'

dx dy' A2 2

/. we have by adding,

which is the double of T acting in the generating straight lines

of the surface at each point.

On Capillary Attraction.

The whole phenomena of capillary attraction and repulsion

which are exhibited when a liquid is in contact with a solid

body, partly immersed in it by the liquid which is near the

body being raised above or depressed below the level of the

liquid at a distance from it, depend on the property of liquids

called the attraction of aggregation.

72
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This property by which small portions of liquids collect in

drops and require some amount of force to separate them into

smaller drops, arises from the forces of adhesion or cohesion

which are called into action when an attempt is made to change
the distances of the molecules or atoms of the liquid from those

at which there is equilibrium between the attractions of the

dense nuclei for each other and the repulsions arising from the

subtle atmospheres by which they are surrounded.

These forces of adhesion or cohesion in liquids have existence

between certain limits of temperature only, as the body becomes

solid below the lower limit and a vapour above it. It is for

these reasons that we attribute the repulsion between the

molecules of bodies chiefly if not entirely to caloric or the cause

of heat. The state of stable equilibrium between opposing
molecular forces exists in solid bodies, but in the elastic fluids

an external reaction or pressure is required to preserve them at

a given density.

In the interior of liquids the attraction of aggregation

produces merely viscidity or defective fluidity, but at the surface

the mobility of the molecules being limited to the surface, it

forms a flexible sheet capable of bearing an amount of tension

determined by the attraction of aggregation.

The principle of the discussions of Laplace and Poisson is

that the integrals for expressing the capillary actions cease to

have any change of value when the distance from the surface

has a sensible value, or it is said that capillary attraction

depends on forces which are sensible only at insensible distances.

This mode of considering the subject of capillary attraction

leads to the same results as the former one, namely, that the

problem is only a particular case of the more general problem
of the equilibrium of flexible surfaces under the actions of given

forces.

By Clairaut's proposition, given at page 117 of the elemen-

tary treatise or Part I. 'if the attraction of a solid partly

immersed in a liquid for a particle of the liquid at the surface

in contact with it, is more than half that of the liquid for the

same particle, there will be capillary elevation
;
and if less,

there will be capillary depression.' The problems of capillary
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attraction amount to this
; having given the resultant action

between the liquid and solid it is required to find the circum-

stances of the elevation or depression of the liquid when

considered of a definite or an indefinite extent and the surface

of the solid of a given form, such as plane, the interior or

exterior of a tube, &c.

PROP. To find the form which the surface of a liquid will

assume under capillary action when a plane vertical surface of a

solid has its lower edge immersed in the liquid.

Let the vertical surface of the solid be taken for the plane
of yz in the figure 54, and then the plane of xz will make a

perpendicular section of the cylindrical capillary surface, with

elevation above the original level of the liquid.

Let APE be the section of the surface by the plane of xz,

and P being any point in APE
;
let PM= z, OM = x be the

coordinates of P, with the plane of xy the level of the surface at

a great distance from the solid.

The general equations (4), (5), (6) as before discussed for the

equilibrium of cylindrical surfaces are as follows :

*>+'>- .........................<>

Of the external forces X, Y, Z we have now X = 0, Y = 0,

and Z = g for gravity.

In place of rp . dS . dS' on the flexible surface, we have the

mass of the element at PM acted on by gravity above the plane

of xy t
whose weight produces the vertical force acting on the

elementary area dS.dS' of the surface, and this equals

pz dS' . dx.
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ZTP dS.dS'=- gpz 5|
dS . dS',

dx
and

From (4) ^ =0, or T^= Cx a constant, and the

horizontal component of the tension T, parallel to Ox.

d (T'}
From (5) -4wr = 0, or T' = C a constant, and the horizon-

tal tension parallel to Oy ;
and indeterminate.

From (6) d
=

9P*jfc

dS dz

dS

Multiplying each side by 2 -y- and integrating, we have

at an infinite distance from we have ~ = when s = 0, there-

fore (7 = 0, also s diminishes as x increases, and -y- is negative,
CbvC

and

qp*s r
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Let a be the angle of contact at A, and AD the tangent to

the curve APB at A meeting Ox in D, also A =
h, OD = k,

which are known for each particular case.

k , n 2 dxz

tana = and Lx
= gpz

*
. ,

and at A,

, dz z
and j- = T ;dx k

&\ J
j.>

and z = h when x 0,

or z = .

which is the equation of the curve J.PjB the section of the

capillary surface by the plane of xz.

When there is capillary depression, the results will be the

converse of the above.

PROP. To find the form which the surface of a liquid will

assume between two parallel plates held vertically with their lower

edges immersed in the liquid.

Let the plane of xy be the plane of the level surface of the

liquid at a great distance from the plates and let the plane of

yz be vertical and parallel to the plates at an equal distance

from each, as in figure 55.

Let BPAP'G be the capillary surface between the vertical

plates BB',
CC' of which the equation is required to be found

;

and its lowest point A being a height A = h, above the plane

of xy which is inversely proportional to the distance between the

plates and known for each particular case.



104 THE CAPILLARY ATTRACTION OF LIQUIDS;

Taking two points P and P similarly situated on opposite

sides of the plane of yz, let PM=PM =
z, OM= OM' = x.

The solution is identical with that of the last Proposition

until we come to correct the integral

we have now -,- = at A, when z = A = h.
dx

C=-gph\

and G
*-:[-*

= gp(z*-h*).

Integrating the equations

dz

we have

and x when z = h
;

C'=-\ g,(h);

or

and
x

which is of the same form as the equation of the catenary curve

as discussed for
fig. 51, or it may be called a weighted catenary

curve.

Putting z h' at the line of contact or highest point where

dx
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which determines Cx the horizontal component of the tension,

the same at all parts of the section.

The tensions parallel to the plates through given points of

the surface are indeterminate.

PROP. To investigate the form of the capillary surface in a

cylindrical tube of any diameter, held vertically in a liquid.

Let BCD be the line of contact of the liquid and tube

EFGH in figure 56.

Let Oz be the axis of the tube and the axis of z
;
let the

plane of xy be the level of the surface of the liquid at a great

distance from the tube, and A = h the height of the lowest

point of the capillary surface BACD above 0.

Let P be any point on the surface, AP = 8 an arc of the

meridian APQ of the surface of revolution which is the capillary

surface
;
bP = S' an arc of the parallel bPdc which passes

through P, and of a radius = r, whilst a?, y, z are coordinates of

P. Then APQ, bPdc, are the lines of curvature of the surface

passing through P, and PN =
z, NM =

y, OM=x in the

figure 56.

Let T be the tension in the meridian at P, and T' that in

the parallel and constant for the same parallel, since each point
in it is similarly situated with respect to the forces producing
the capillary elevation in the figure.

The general equations for the equilibrium of flexible surfaces

of revolution (7), (8), (9) being as follows :
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There being no external horizontal forces we have X = 0,

Y 0, and the vertical force is the weight of the elementary

vertical prism of the length PN= z bounded at its ends by the

elementary area dS . dS' on the capillary surface and the plane of

xy ;
and the perpendicular section of the prism will be dS' . dr,

since r varies with AP = S but not with respect to bP = 8'
;
let

the angle NOx which the plane of the meridian APQ makes

with the plane of xz be 6, then dS' = rdO.

ZTpdSdS' = ZrpdS.rd0 = -gp .rdO.z-^.dS
(L&

if dz
dlTr-m

and Zrpr = gprz -^
= 70 from (9)

d(Tr-^

In the parallels we have T' constant for the same parallel, or

dS'

also #8 + 2/

2 = r*

and da? dy
1*

_
dff*

+ d8*~ '

dx' dy'

In the same meridian making the angle 6 with the plane of

xz, we have

M = x = r cos 0,

MN = y = r sin 0,

dx dr

dr
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Multiplying (7) by a, (8) by y and adding, we have

X

or r (cos
2 6 + sin

2

0)
- 2" =

;

which gives the relation of T and T' when the form of the

surface is known.

Again, multiplying (7) by ^> , (8) by -~, and adding we
Cfc/O Cifo

have

,fo\ d (T^\
JO' Jtt ~J~ JO'

J<^
T^ I JO7 JCY/2 T JT5> _7CY/2 ) =0.

and the coefficient of T' is zero.

, <;

or

which is satisfied if either one or both of the factors are zero,

and the first is so from one of the above equations, and the

second is so from the external force being vertical, whilst T~
ao

the horizontal part of T in the direction of the radius of the

parallel is the same at all parts of a fillet of breadth ds
r

in the

meridian through the vertex A, and
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or

Now T
1
the tension along the line of contact GDB and a the

angle of contact being known for any particular case, we have

dr

at the line of contact, and

G Tt sin a.

Substituting for T its value C -y- in the equation

we have

which is the differential equation of the generating curve of the

surface of revolution and which is the capillary surface.

The integral of this equation is perhaps not to be found in

finite terms but is easily obtained in an infinite series, by first

putting z OA = h for points indefinitely near 0, performing
the integrations, then substituting the new value of z

t
and so

onwards.

For the first integration, we have

Cr . jr-9P \hrdr

and C' = since at A -j-
= when r =

dr

, f^dz h
and G =

' r'
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Integrating again

.:0,-gp.

and z = h when r = at A .'. G" = Oh

and ' = *

C 2\ sin a
Putting for convenience m = = - we have

ffP 9P

from this we obtain

"--*)
or the surface near A is a paraboloid of revolution approxi-

mately.

By substituting the above value of z in the differential

equation we obtain a new value by integrations; then sub-

stituting this new value of z
t
and so onwards, we obtain the

following series, which of course satisfies the differential equa-

tion of the generating line of the surface

When the bore of the tube is small the greatest value of r,

being the radius of the cylindrical bore, is small and z h

is small although h is large as found by elementary discussion*

and then varies inversely as that radius.

It has been considered that in small tubes the form of the

surface is a hemisphere, and in very accurate experiments a

correction for the capillary shell has been applied on this sup-

position. We see from the above discussion that the correction

for the shell bounded by the surface and tangent plane at A
should be made as if the surface were a paraboloid of revolution,

and in experiments where the effects of temperature on capillary

phenomena are investigated.

* See Part I. page 119.
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PROP. To investigate the form of the capillary surface

around a solid cylinder held vertically with its lower end immersed

in a liquid.

Let EFGH be the solid cylinder of which the radius is a

and the axis is Oz and the axis of z the ordinate, also xOy the

plane of xy in the level of the surface of the liquid at a great

distance from the cylinder.

The capillary surface will be one of revolution but will have

a conical point, cusp, or asymptote at the axis of z, and therefore

the equations for the equilibrium of the surface will be (10),

(11), (12).

Let the letters in the above, fig. 57, refer to similar points

with those of the last figure ;
BCD being the line of contact of

the liquid and solid, PQ a meridian, bPdc a parallel, through P
any point on the surface whose coordinates are x, y, z

;
or let in

the figure PN = z, NM=y, OM = x, and the angle of the plane

of the meridian PQ with the plane of xz or the angle NOM= 6.

Let NO aP = r be the radius of the parallel bP, dc, dS an

elementary arc of PQ, dS' an elementary arc of the parallel, we

have as in the last proposition

da?

We have also

x = r . cos 0, y r . sin 9

dx Q dr dy . n dr
7 = COS . -j^ , -y^

= Sin V y^ .

dS dS dS dS

The equations (10), (11), (12) for the equilibrium of the

surface being
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dy r dy
'\*

=0 ............(12).

We have as in the last proposition Z =
0, F = 0,

dr

or
*(*) ---T-- =^5r

i

d (r > nalso i~, = 0.

Multiplying (10) by x, (11) by y and adding we have

?**(+-* dS
' V dS'*

' y
dS'*J

where the coefficient of T'r is 1
;

and substituting for

dx . *dr , f dy . ~dr
-77V its value cos 6 -^ ,

and for ~ its value sin 6 y^ , we have
dS db db dS

and substituting
- for cos 6, and - for sin 6 we have

d8) T ,= -* r,
T C&A3

d
(
Tr S)r ' =T'

which gives T
7 ' when T and the form of the surface is known.
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Also in the elementary sector subtending the angle d6 at

the axis of the cylinder, the horizontal part of the tension

/y/v

T
j-~.rd6

must be the same at all distances from the cylinder,

because the external force is entirely vertical, or we must have

dr
Tr -ja constant = G,

CLb

and at the line of contact where T
l
the tension, and a the angle

of contact are supposed to be known, we have

G=T
1
asma

substituting for Tr = C j-, in (12)

dSJ _ r dr'dS)
zr

<fc

d& tt>S

and we have -=-j
=^ z . r,

which is the differential equation of the generating line of the

surface of revolution.

This is a well-known differential equation and is discussed

at page 115, second edition, of Hymers's differential equations.

The integral is perhaps not to be found by the present resources

of analysis, in finite terms.

If we remove the origin of coordinates from the axis of the

cylinder to the surface, by putting r = (a + r'} we have

d*z
__

d*z _ gp ^
dr* dr"* T^ a sin a

and when a is infinite the equation becomes

<fs_ gp
dr/2 ~riSm a

"

and the surface for any finite extent is a vertical plane.
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This solution is the same as that found in a previous propo-
sition for a vertical surface with its lower edge immersed in a

liquid ;
and the equation of the generating line of the sur-

face is

When the radius of the cylinder a is very large compared
r .

with r the term is negligible, and the form of the capillary
Gb

surface at such a distance from the surface of the cylinder will

be nearly the same as for the same distance from a plane surface

of the solid.

COR. If the solid and liquid produced a surface with capil-

lary depression the method of procedure would be the converse

of the above.

P. H.



CHAPTER IV.

ON HYDRODYNAMICS.

IN the introduction to hydrostatics it was explained how the

molecular and atomic philosophy requires us to consider bodies

as constituted of atoms or molecules simple or compound,
which each possess material, aethereal and spiritual existences,

substances, entities or essences. The material portion of bodies

and their molecules, we conclude from the facts of definite

combining ratios in chemical combinations, has mass and inertia

which is unchangeable through all mechanical and chemical

changes ;
but the volumes of bodies are variable, according to

their temperature and perhaps, in some degree, to their elec-

trical and magnetical state also.

The material part of bodies possessing mass has the property

of gravitation and therefore the weights of bodies and of their

constituent molecules are constant at the same place. From

the change of volume of bodies with change of temperature we

see that the solid hard parts of their molecules cannot be in

contact, but must be surrounded by atmospheres of caloric,

electricity and of the sethereal and spiritual existences of the

universe generally. These subtile substances or essences are

held by their affinities for the ponderable hard matter of the

molecules whilst a high state of elasticity and repulsion exists

amongst their own particles. Whatever be the chemical state

of a body, whether its molecules be simple or compound atoms,

if it is homogeneous in its composition and unchanging in its

state, we must consider its molecules to be in equilibrium

amongst themselves. If the equilibrium is stable and the

body returns to its original form absolutely or approximately,

after a strain of its parts, we call it a solid body. If the
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equilibrium is neutral and the particles of the body move

amongst each other on the application of the slightest force

we call the body a fluid body ;
and its fluidity may be perfect

or imperfect. If the equilibrium is unstable the body will

change its state on the application of a disturbance, and may
be explosive.

Our present discussion relates only to those cases where the

equilibrium is neutral, and the body a fluid body. The gases

which require pressure or the constraint of the vessels which

contain them to keep them to a given volume approach the

nearest to the state of perfect fluids. The liquids possessing

the attraction of aggregation by which small portions collect in

drops have only imperfect fluidity which requires to be taken

into consideration in many cases of the motion of fluids, and is

of great practical importance in many applications of hydraulic

science.

The state of neutral equilibrium of the molecules of fluids

shows that they are in positions of symmetry amongst each

other, and that the nuclei or hard material centers of the

molecules must have a cubical arrangement. From this we see

that we must attribute a cube of space to each molecule since

the cube is the only regular figure which will fill all space

symmetrically without vacancies.

If the fig. 58 represents an assemblage of seven neigh-

bouring nuclei b, a, c, &', c' and b", c" with bac in one straight line,

b'ac' in another, and b"ac" in another again, and also these

lines at right angles to each other, we see that if we attribute

equal portions of space to each in the form of a cube such as in

the figure to the one of which the nucleus a is the center; we
shall have the edges of each cube equal to the distance between

the nuclei as ba, ac, &c. Let the equal distances ba, b'a, b"a,

be each 2s, then Bs is the distance of a as well as of each of

the others from the faces of its attributed cube. The area of

each face of the cube is 43s
2
,
and this is the area on which the

pressure transmitted to a will act, so that ifp is the pressure on

a unit of area, then p4*Ss* is the pressure transmitted to the

nucleus a, and so for the others. The volume of each cube

8 -2



116 ON HYDRODYNAMICS.

being 88s
3
,
if m is the mass of the molecule and p the average

density of the fluid, then we have

m = p . 8&?
3
.

PROP. To investigate the general equations for the motions

offlu-ids.

Let Ox, Oy, Oz be the rectangular axes of coordinates taken

through any origin in the fluid in
fig. 59, and APQ the line

of the resultant pressures through any molecule P. Let AP= s

and 2Ss the distance of contiguous nuclei at P, of which the

coordinates are #, yy z, and p the pressure on a unit of area at

the nearer face of the cube attributed to the nucleus P, p + &p
that at the further face

;
we have by Taylor's theorem

, dp 2& d*p 4

and the moving force acting on the molecule P from the

difference of the internal pressures on the opposite faces of the

cube is Bp x area of the face of the attributed cube = Sp x 4Ss
2

;

and its components parallel to the axes respectively are

XT. i -j. r 75 t.
s ,

, v c^ , ,,
the velocity of P being -^-; let u ~Tj.y v ~

~ji>
w' = ^ e ^he

component velocities parallel to the axes respectively, and

therefore

If X, Y, Z are the external accelerating forces acting on P
parallel to the axes of coordinates respectively, then the cor-

responding moving forces are mX, mY, mZ respective!}^ ;
and

the effective moving forces are m -rr , m
:ji

>
m

~rff> respectively.

Now by D'Alembert's principle the effective moving forces

taken in the reverse direction to that in which they act will

make equilibrium with the impressed forces, so that we have



ON HYDRODYNAMICS. 11T

^-m^ = ............... (1),

p^-m^ = .......... (2),
as at

p^-m~ = ............... (3).r ds dt

By the equation of virtual velocities we have

(TT
, A * 2 ^ dx du\mX -f 4os . op

-j
m -7- )

or

- ^= 0,

v^ , TTJ . ^j ^2 8p fdz? + dy* + dz*\
Xdx + FC^T/ + w + 4Ss

2
.
-*-

(
-

^
-

1

fdx du dy dv dz dw\ , _ ft

V^'^+^r^"*"^'"^
therefore we have

=0.. .(4).

If J2 is the resultant accelerating force, then

Eds = Xdx + Ydy + Zdz

du dv dw
also W-+V-.

fds\

Id + tf + w*) 1 \df)J. J j . ,, .

dt dt dt 2 dt 2 dt

With these substituted the equation (4) for fluid motion

becomes

m

The above equations suffice for the solution of every case of

fluid motion, when the circumstances of the case are given,
without any auxiliary equations like the equation of continuity.
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We have 8p from the expansion by Taylor's theorem, and

since 8s is exceedingly small, we may stop at the first term of

the expansion in ordinary cases, as follows

Let ~R be the force of gravity and equal to g and constant,

then the last equation becomes after substituting for m its

value 8p8s
3

,
as follows

w.J.

Integrating we have

dp 1(dp
j p

-

which is the ordinary equation for the motion of fluids under

the action of gravity.

To integrate the middle term we must express p in terms of

p. In the case of liquids it is usual to take p constant, but

cases may occur where Canton's law for the compressibility of

liquids must be employed, or p must be obtained from the

formula* p x
= p(l cp) where c is the compressibility of the

liquid and p 1
the density when the pressure p = 0. In the case

of the elastic fluids the relation of the pressure to the density

expressed in Boyle's law is generally sufficient or p = /cp,
but

cases may arise in which the more general formula for gases is

necessary.

If the vessel containing the liquid had motion, then the

pressure must be corrected accordingly after integration. It

will be found that various cases occur in the applications of the

formulae.

PROP. To adapt the general formula for ike motion offluids

to the case of the emptying of vessels containing liquids under the

action ofgravity, through small orifices.

Let AOB be the vessel containing liquid, of which the

surface at any time is PMP' of an area = A. Let Ox the axis

* See the elementary treatise, page 5.
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of z be vertical and the direction of the force of gravity, with

the origin the small aperture at the lowest point, and of an

area = a. Since the axis of z is taken vertically upwards we

put z in place of s and then must put
- gy dp, and ^

ds
for g, dp and -y- ,

so that the last equation becomes

[dp Idz*
-gZ - _^_ - = 0,

and with p constant this gives by integrating

pdz
2

Let JP=PI when z = h and
-y-
= V,

and

from which the velocity -=- at a height z is to be found.

Now ifplt
the pressure of the atmosphere at PMP', and p is

the same nearly at the orifice where z 0, then sensibly

p ^pl
and

and -7- is the velocity of the liquid issuing from the orifice at 0.
dt

Now the volume of the liquid issuing in the small time

St = area of the orifice x space described by a particle in the

time Bt

dz ~= a . -j- . St.
dt

Also this is the volume through which the surface PMP de-

scends in the same time 8t = A V . St, so that
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V- -
~dt'A

j 2
/ a 2

and the equation becomes
-^

1 1 -
jj

When a is small compared with A we have the velocity of

the issuing liquid
= *J%gh nearly, which is the velocity a heavy

body acquires in falling through a height = h.

COR. If we take p the density constant, the above discussion

applies to gases issuing through small orifices in vessels which

contain them at greater pressures than that of the atmosphere,

and h is then the height of the column of the gas which would

produce the pressure in the vessel which is in excess of the

atmospheric pressure.

If the gas issues into a vacuum, then h is the height of the

column of the gas, if of uniform density, which would produce

the pressure in the containing vessel, and from the hydrostatical

expression for the pressure of a homogeneous fluid at a depth h,

namely, p gph, therefore when p is given, h varies inversely as

p, and the velocity of the issuing gas -r. varies inversely as Vp.

From this, hydrogen gas issues through a small aperture into a

vacuum with more than 3J times the velocity which common
air does under the same pressure in the containing vessel

;
and

carbonic acid gas with only about of it.

The results of experiments are very closely in accordance

with the theory for gases, but for liquids it has been found the

area of the perpendicular section of the vena contracta of the

issuing stream must be taken in place of a, the actual area of

the orifice*.

Ex. 1. A vessel in the form of a paraboloid of revolution,

with its axis vertical, being filled to a given height with liquid, it

is allowed to empty itself through a small aperture at the vertex ;

required the time occupied in emptying.

* See the elementary treatise, or Part i. page 125.



ON HYDRODYNAMICS. 121

Let the fig. 60 of the last article represent the vessel of

which the equation of the generating parabola is r2 = 4ra. Let

ABG be the original surface of the liquid, and

00 = a, AC=b,

/. 5
2 = 4nna. and m = .

4a

Let PMP be the surface of the liquid at any time t from

the commencement of emptying, and let OM = z, and F the

velocity with which the surface descends at PMP', then by the

last proposition

V = -T- = -r x velocity of issuing at the orifice
dt -a

'

-2 J*& '

.

and A = area of the surface of the liquid PMP
, /

TT . rM TT . ^mz =-
. z ,

a

dz _ aa /2g
*'
~

~dt

~
TT&V ~7

'

Integrating, t = --= . s /* + (7

to be taken from t = when / = a to t = t when / =

t
- ^ 2

i"""
' Or

_7r^
2 /2a

=
3a V a

'

COR. By taking the limits of integration accordingly, the

time of the surface of the liquid falling through given heights

of the axis 0(7, can be found.

Ex.
J

2. To find the times of emptying of a cone filled with,

liquid, having its axis vertical; first through a small orifice at

the vertex, secondly through a small orifice in the center of the

base.
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Let b = radius of the base of the cone,

h = the height of the cone,

then the time of emptying t = -= v/ - - when the vertex is
oa V g

downwards.

When the vertex is upwards we have for the time of empty-

ing through the orifice in the middle of the base

8 irb* /2h
t =^ V ,

lo a v
g

Q

and the ratio of these times = ~ .

o

Ex. 3. A sphere is filled with liquid, required the times of

emptying the upper and lower hemispheres through a small orifice

at the lowest point.

Let a = radius of the sphere,

then the time of emptying the lower hemisphere,

t =
l5-T\/7-

and the time of emptying the upper hemisphere

8^/2-7 Tra* /2a

~^5~"^VJ'
Ex. 4. To find the ratio of the time in which a vertical prism

or cylinder containing liquid is emptied through a small orifice in

the base, and the time in which an equal quantity runs out when

the vessel is kept full.

If A is the area of the perpendicular section of the vessel

and a that of the orifice, then if h is the height of the prism or

cylinder, we find the time of emptying

2A /T
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and the time an equal quantity would occupy in flowing out if

the vessel were kept always full,

t-
A /A"
a V 2g

'

which is one half of the former time.

Ex. 5. A paraboloid of revolution is placed with its vertex

downwards within its circumscribing cylinder, with their common
axis vertical ; the paraboloid is filled with liquid which is allowed

to escape through a small orifice at the vertex and lowest point,

into the cylinder ; required the whole time of motion.

The time of motion = 77 A /
3a V g

Ex. 6. A cone with its axis vertical is filled with liquid, find

where an aperture must be placed in the surface so that the jet

shall just touch the edge of the base.

Let the height of the cone = h, and the radius of the base

= a, z the vertical height of the aperture above the base, then

we find

and z =

for the values of z' required.

The phenomena which attend the motion of diverging and

converging streams of fluids are of considerable interest as well

as of great practical importance.

The forms of the pipes through which a liquid passes, the

forms of the chimneys of furnaces, and the forms of valves

through which air and gases pass are cases where these pheno-
mena occur.

The simple form in which Roberta's experiment, described

at page 131, Part I. may be tried, is one of easy construction

and sufficient to show the general results
;
but for measures of

the degrees of rarefaction which occur in diverging streams of
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air, a continuous blast of air under high pressure and apparatus
of considerable size and stability furnished with slides, counter-

poises and mercury gauges is necessary.

Let AB and CD be two equal circular discs, and EF a pipe

fixed in the center of the lower disc, up which the air is forced,

as indicated by the arrow. Let the upper disc be suspended

and counterpoised directly above the lower one from a cord

fixed at its center, as g in the fig. 61, which passing over the

pully / has the counterpoising weight w tied at the other end,

so that the disc CD will rest at any height. Then AB and CD

being horizontal with their centers in the same vertical line, if

no air is forced up the pipe EF,, the disc CD will rest upon AB,
but when a stream of air is forced up the pipe EF then the disc

CD rises to some small height, and takes a position of stable

equilibrium, from which it requires some force to move it.

In Roberta's experiment when the discs were 6 inches in

diameter and the pipe EF 2f inches in diameter, the upper
disc took its position of equilibrium at -fa part of an inch above

the lower one when the force of the blast of air up the pipe was

1J inches of mercury above atmospheric pressure. The atmo-

spheric pressure on the upper surface of CD being uniform was

equal to the sum of the variable pressures on the under surface

since there was equilibrium, but opposite the end of the pipe

the pressure was 1| inches of mercury above atmospheric

pressure, so that in other parts it must have been less than

atmospheric pressure or the air on emerging from the pipe,

pressing against the upper disc and then diverging, had become

rarefied.

In order to measure the state of pressure on the under

surface of the disc CD, a dovetailed slide, which could be moved

from the center to the circumference, was made through the

substance of CD, and through this slide passed a bent glass tube

as abed in the fig. 62. In this tube, a portion of mercury being

poured as ecf, the extremities e and /rested in the same hori-

zontal plane when no air passed up the pipe EF, but when the

stream of air was forced up it the end f was the highest over

the end of the pipe, and 1J inches higher than the end e, but on

moving the slide towards the circumference of the disc, the ends
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e and / soon became level again, and then the end / became

the lower, or showing that rarefaction existed until at a certain

distance from the center it came to its lowest position, and from

this distance to the edge of the disc it ascended again, until at

the edge the two ends e and/ were in the same horizontal line

again.

By closing the space between the discs partially by four

blocks of wood like GHI in the
fig. 63, the air issuing from the

pipe was constrained to move along the four arms of the cross

IK, GL with very little divergence, and the rarefaction nearly

ceased, although the velocity was much greater in the arms than

before. The small remaining rarefaction was attributed to the

air which escaped under the wood-blocks. It was thus shown
that the rarefaction of the former case was due to the diver-

gence of the air directly, and to the velocity only indirectly.

Analogous effects are exhibited when air is forced along
a conical vessel in the direction of the arrow in

fig. 64. If a

small hole, as a in the fig., is made through the vessel, and the

flame of a lamp is brought near it, we see the flame drawn

strongly into the cone, showing rarefaction to exist in the

interior.

If, as in fig. 65, the air is forced along a cylindrical tube

with a small hole in the side, then on the flame of a lamp being

brought near, it is seen to be very slightly affected, showing
that velocity without divergence does not produce rarefaction in

the stream.

If, on the other hand, the air is forced along a conical vessel

from the wide end towards the narrow end, as in the direction

of the arrow in fig. 66, then on the flame of a lamp being

brought near to a small hole in the vessel the flame is blown

violently away, showing that the air in the interior was in a

state of condensation.

PROP. To investigate the density of the air in a stream

issuing from the center to the circumference between two parallel
circular discs.

Let be the center of the pipe by which the air enters

between the discs, Oa = radius of the pipe = a, Ob = radius of
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each disc = b, Op = s any given distance from the center, and I

the height between the discs. Then if we take any sector

bpaOa'gb' of which the angle bOb' = 0, the motion of the air

having become steady the same quantity or mass passes over

each of the concentric arcs ad, pq, bb' in the same small

time St.

Let pj, Vj, Pi be respectively the density, velocity and

pressure of the air as it passes over the arc aa,

p, v, p those as it passes over the arc pq,

p, v', p those as it passes over the arc W respectively.

Then the quantity passing over each of the arcs in the time

& is

l.a.0.p l
.v

l
.St = l.s.0.p.v.St = l.b.0p'.v'.St

or we have aPivi
SPV bp'v,

we have also P\~ KP^ P KP> P KP>

, bv
f

,
bv'

trom which = KO - = p .

sv sv

From the general discussion of fluid motion, from (s &s) to

(s + &s) for an atom of the fluid, we have

since there is no external accelerating force, or since R

.'. 4Ss
2

. . ds - -4 dt = 0,m 2 dt

substituting for Sp its value and for m = 8pBs
3

,
we have

Kp b v' 1 7/ 2X A.-,.-ds--d (v
2

)
= 0,

p s
2

v 2

but spv
=

bp'v',

.'. ds -d (v
2

).

Integrating

v
z C 2/c loge s,

and the velocity is v' when s becomes b
;
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.-. V
2

,
bv ,

bv
and p = p =p

at the distance from the center at which the minimum pressure

and density exist we have

?=as

and /.
as

--
which gives s = b .e 2 ^ *

'

.

Now since p' is the pressure of the atmosphere, and p its

density, if H is the height of the homogeneous atmosphere we

have

p'
= gp'H=Kp and /. K =

Let h' = height of the column of air whose pressure above

atmospheric pressure would produce the velocity v', then

, , 7 , T v
2

2h'
v* = 2gti and =

j= ,

K> J-.L

which is a small quantity, so that

= be~* nearly

= -60653 x b nearly,

or the position of minimum density and pressure occurs at

rather more than six-tenths of the radius of the discs from

their centers, if the air diverges accurately from the center.

Substituting this value of s in the general expression for the

pressure, we have

bv
p=p
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1-64872

of which the value depends on the value of h', the height due to

the velocity with which the air issues from the edges of the

discs, and therefore from the pipe EF. The circumstances of

Roberts's experiment are not sufficient for comparison with

these formulae, and in future experiments the size of the pipe

should be small compared with the size of the discs, since we

suppose the air to diverge from the centers of the discs.

On the Theory of Sound.

The mathematical discussion of the theory of sound was

commenced by Sir Isaac Newton, who found by indirect reason-

ing, that the velocity of transmission of sound was expressed by

*JgH multiplied by a factor, where g represents the force of

gravity and H the height of the earth's homogeneous atmo-

sphere. If JgH is taken for the velocity it is about Jth less

than what is found by experiment.

D'Alembert first found the differential equation of motion

dzy d^n
for vibrating strings, as follows -^

= a2

T^ ,
as well as its integral

y <f> (at + x) + ^ (at a?),
and showed that the arbitrary func-

tions
<t> (at 4- x) and ty (at

-
x) were periodical functions. Euler

found for vibrating columns of elastic fluids in cylindrical tubes

the equation of motion

a^
d*y _ da?

d?~ djf
'

5?

dtf
which differs from the former only in having the quantity -fa

in the denominator, and this being taken equal to unity for

great distances from the origin where x = y nearly, and a fortiori

* Calculation is -4999933.
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d^ii d^n
dx = dy very nearly, the integral is the same as for -55 = a2

-j-4 ,

and a = JgH is the velocity of wave transmission.

M. Lagrange in his Mecanique Analytique, vol. 2, page 346,

finds the same equation gh -j~
=

-r^ from his general equationsax cvt

for fluid motion
;
and ignores the necessity for the introduction

of a factor, from his want of confidence in the experimental

results of the velocity of sound.

On the discovery of the fire-syringe, which shows that heat

sufficient to fire tinder is produced by the sudden condensation

of air, M. Laplace suggested to M. Biot that the discrepancy
between the theoretical and the experimental velocity of sound

might be caused by the heat suddenly developed by the con-

densations of the air, and M. Biot obtained an inaccurate solu-

tion on this supposition. A development of cold in rarefactions,

it was argued in opposition to this view, would have accounted

for a less velocity than the theoretical velocity as reasonably as

a development of heat in condensations for a greater one, as

found by experiments.

To M. Poisson belongs the credit of finding the required

form of the assumption with regard to the development of heat

or cold in order to obtain a solution. He assumes instead of

Boyle's law connecting the pressure p and density p for elastic

fluids with p = /cp where K is a constant, that in the state of

motion we have p gmh (1 + 8 -4- cr) where ra is the density of

mercury, g the force of gravity, h the height of the barometer,

and s the condensation positive or negative, with cr the term

depending on the heat or cold arising from the condensation

and of the same sign with it. He says, Traite de Mecanique,
vol. 2, page 695, "A cause de la petitesse de S, ou peut supposer
cette quantite cr proportionelle a S, et faire cr = /3S ; /3 dtant un

coefficient positive et independent de 8. Au moyen de ces

valeurs, ou aura

dp=gmh(l+/3)d8"

This assumption required that the temperature should rise

1 centigrade for, and simultaneous with, a condensation y^th
P. H. 9
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part, and a false verification was produced by MM. Clement

and Desormes, and MM. Gay Lussac and Wetter who used a

dynamical experiment with the air thermometer* and inter-

preted the dynamical results as therm ometrical ones. Another

form of solution introduced by M. Laplace, supposed the ratio

s\

-, of the specific heats of the gases under constant pressure to
c

the specific heats under constant volume to contain the factor

required for the correction, and this method is identical with

that of M. Poisson,

According to this method the velocity of sound is expressed

/ {* (*

by the value A/ -gH and the values of - were found 1-3482,
c c

T3748 and 1'421. It has been found by M. Regnault and also

by the author, that the instantaneous value of - is unity instead
c

of such values as the above. It is also familiar to those who

have frequently used the fire syringe, that the piston requires

not only to be forced down but to be held down a short time, in

order to fire the tinder with certainty, so that this experiment
confirms the others, which show that the heat and cold developed

in the condensations and rarefactions respectively of gases are

not instantaneous, but require a short space of time for their

developement, and this is fatal to the solution of Poisson and

Laplace, of the problem of sound.

In Euler's method of discussing the vibratory motion in

a cylindrical column of air, the condensations and rarefactions

are supposed to take place only in the direction of the wave

motion, or in the direction of the axis of the cylinder, and yet

Boyle's law is applied at once, although in order for the truth of

the formula p = tcp,
the condensations and rarefactions must

take place equally in all directions. The author, as a student,

saw that in this lay the discrepancy between the experimental
and theoretical velocities of sound, but until he was able to

apply the atomic theory of matter to the case, he could find no

sufficient solution
;

since the relation of the pressure to the

* See page 183.
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density in gases with condensation and rarefaction in one direc-

tion only was unknown.

The differential equation for vibratory motion in elastic

fluids may be either investigated directly, or obtained from the

general equations for fluid motion. The latter method will be

followed in the succeeding propositions.

PROP. To investigate the differential equation of /vibratory

motion in elastic fluids.
<

. . .1 ]

In the general equations when there is no! impressed

accelerating force acting on the atom, we have X =
0, F= 0,

Z = and therefore R = 0. Supposing the vibratory motion to

take place in the direction of the straight line Oaot in the fig.

68, let abc be the places of three contiguous nuclei of the atoms

at rest, a, /3, 7, the places of the same nuclei of the atoms in

a state of vibratory motion after a time t.

Let the distances Ob = s, ab = be = 2$s
;
and in the state of

motion let 0/3 = S, also >ST being the distance of the nearer face

of the cube of the nucleus /3 from 0, let $" be the distance

of the further face.

Now S being a function of s we have

also S ^ ,

ds

ds

dS^ d*S Ss
2

and 2 (S S') being the distance of the centers of the nuclei of

the atoms a and /3, and 2 (S" S) that of the atoms ft and 7, we
have to find Sp in the state of motion from Boyle's law, which

gives

mass of an atom Km . ,

P^KO K
T

. . = m the state of rest,
volume of an atom (28s)

3

92
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Therefore in the state of motion we have

f_L_ _j
8 \(S-S')

3

(S"-

J

The general equation was found

i 2' dt

which becomes now

and substituting the above value of Sp, it becomes

Substituting for
y^ ,

and stopping at the first terms of the

series we have

which differs only from Euler's expression in the coefficient f
and since K = gH from ^)

= /cp=gpH, where p is the pressure of

the atmosphere, p the density of the air, and H the height of

the atmosphere supposed homogeneous.
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Taking the data used by M. Poisson this gives the velocity
1122*26 English feet per second at the freezing temperature;
and the velocity as found by the experiments taken over the

land is considered by Sir John Herschel* to be, from the most

reliable results, very nearly 1090 feet per second at the freezing

temperature.

It is however found by artillery officers that when cannon

are fired over water, the gun must be elevated rather more than

would be required for the same distance over land, when the

distance is computed by the time sound takes to travel over the

space ;
and they say this is because the water attracts the shot.

From this experience it is probable that the velocity of sound is

slightly less over the rough surface of the land than over the

surface of smooth water, and that the normal velocity of sound

at the freezing temperature in dry air is somewhat more than

1122 feet per second.

daS d2S
PROP. To integrate the differential equation -=-,

= a2
.

;
and

Qt CIS

to find expressions for the velocity of transmission of sound.

The original method of integrating the equation

dt*
~

'"37

found by M. D'Alembert is perhaps the most satisfactory and
not less simple than any other which has been used

; it is as

follows : we have

a . '^^^*^m*m

ds

and the equation Mds + Ndt = dvt, is exact if M=- and
dt

N= a
*'fo>

because the condition ^=^ is fulfilled.

***

d*
ds + a* .

-j-
dt = du is exact,

*
Treatise on Sound, Art. 17, page 751.
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and a . -r- dt + a . -j- ds = a . dS is exact,
d ds

adding we have

TCJ /7Qf\
'_ + a ] d (8 4. aA = d (u + aS) exact,
dt dsj

and subtracting we have

a T-
}
d (s at)

= d (u aS) exact,

so that (^ ;H and (u aS) must be functions of (at s)

respectively. Let therefore

,
and u-aS = F (at-s),

subtracting

2aS =f(at + s)-F(at- s),

or S =
<f> (at + 5) + >/r (a^ s),

where
^> and >|r represent arbitrary functions.

When these represent continuous wave motions, let X be the

breadth of the waves measured from any atom in one wave to

that in the next wave which is in the same phase of vibration.

Let t' be the time of the atoms performing one complete vibra-

tion. Then t
f

is the increment of t, corresponding to X the

increment of S, when the phases of vibration are the same,
or the arbitrary functions have the same value.

Taking at first only one, -\]r (at s) let at s = r, we have

by expanding as follows

i|r (at
-

s)
=

T|T (a . t + t'
- s + X)

.. .

dr dt dr, ds

dr , dr
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X space moved over by the wave in time t'

and ultimately -,
= - ~i^ ~~D

'

7
t time t

=
velocity of the wave motion

and K is to be taken constant in the expression p = icp
for

changes of the barometer, but variable for changes of p with

respect to temperature ;
since p varies as p for changes of the

barometer, whilst K remains the same if the temperature is

unchanged ;
but if p remains constant whilst the temperature

changes, then K varies inversely as p, and the velocity of sound

is increased as the density of the air is diminished by increase

of temperature.

For this reason it is found that the velocity of sound increases

1*136* feet per second for every degree of temperature on

Fahrenheit's scale above the freezing point, and diminishes the

same quantity for every degree below that point. Since in

actual experience the elastic force of the air is sensibly affected

by the amount of aqueous vapour which it contains, a correction

is required on this account, and the state of the hygrometer

(say the wet and dry bulb thermometer) in very correct experi-

ments requires to be observed.

In the same manner -y- the atom velocity, and -j- the state
dt ds

of disturbance, can be expressed in terms of arbitrary functions,

or better, they can be deduced by differentiating the expression

tar'8.

If we had commenced with the function
</> (at + s) we should

have found similarly.

The velocity of wave transmission = a = vf #> and then

S must have been taken in the opposite direction to that which

we have considered the positive direction.

The analysis thus shows us that for each initial disturbance

in the fluid, there will be waves moving in opposite directions

with equal velocities, but at equal distances from the origin they

*
Herschel, On Sound, Article 68.
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will be in opposite phases of vibration
;
one system commencing

with condensations and the other with rarefactions, they will be

transmitted with equal velocities to distant parts of the fluid.

From the properties of linear differential equations each of

the arbitrary functions < (at + s) and ^ (at s) may be made

up of a sum of arbitrary functions as

fi (at s) -f/2 (at s) +/3 (at a) + &c,

because for such equations the integral of a sum of such func-

tions is the sum of the integrals. This property leads to the

easy expression of the resultant function of interfering or com-

pounded wave-motions.

In finding the velocity of the transmission of sound from

the barometric pressure, which is also the means of calculating

H, the height which the earth's atmosphere would reach if it

were of the same density at all heights as it is at the earth's

surface, we must have given the ratio which the density of

mercury bears to the density of the air. For if pm is the

density of mercury, h the height of the barometer, pa the density
of the air and H as above, we have the pressure of the atmo-

sphere p on a unit of area, expressed as follows :

Pa

The freezing temperature of water being taken as the

standard temperature, we must have given the values of y,

,
and h for the same place on the earth's surface, and they

Pa
will vary slightly for different places and also from different

experiments.

Sir John Herschel in his treatise on Sound in the Encyclo-

paedia Metropolitana, article 66, using the data of M. Biot, has

h = 076 met. = 29'9218 in.

g = 9-8088 met. = 3218168 feet,

* = 10463,
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which give

/

*.& = 279-29 met. = 916'322 feet,

Pa

and this multiplied by J$ gives the value of a before found for

the velocity of transmission of sound as follows :

a = Jl K = 1-224745 x 916*322

= 1122-26 feet.

This is 32*26 feet per second more than 1090 feet per second,

which Sir John Herschel considers to be the best result to be

arrived at from the discussion of the various experimental
results given in his table, article 16. It is in fact nearly the

value he finds for 62 temperature Fahrenheit, namely, 9000

feet in eight seconds.

The experience of the artillery officers has been before men-

tioned as favouring the conclusion that 1122*26 feet may be

taken as the velocity over still water and therefore the normal

velocity.

M. Poisson, at page 715 of his Traite de Mecanique, vol. 2,

takes g = 9*80896 met., and ? = 10462, which are nearly the
Pa

same as the quantities of M. Biot.

The more recent determinations of
, and only slightly

Pa

different, may be found in M. Regnault's treatise, the Relation

des Experiences, the third Memoir, page 162.

^2 cr
/7

2
Sf

The differential equation -=-= = a2

j-y was found on the
dtf ds

2

supposition that a disturbance in an elastic medium at rest,

might arise without any external impressed force being called

into action. This disturbance may be caused by a rigid surface

in the fluid being suddenly and slightly displaced in a direction

perpendicular to itself, and then coming to rest again, in which

case it causes what is called a solitary wave, or it may be caused

by the atoms in a particular position being put by some initial

cause into a state of vibratory motion, either constant or vary-
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ing, without the mean places of the atoms being changed, as by
means of a vibrating surface within the fluid. The case of

varying vibratory motions occurs when sound arises from the

superimposed vibrations of strings, wires, rods, &c., such as are

easily exhibited by Wheatstone's Kaleidophone described in

Part I. of this treatise, page 134. The cases of constant vibra-

tory motion exist in the sound waves formed by the tuning-fork

supposed to be held steady by the stem C, figure 69. after being

excited by the extremities AS of the prongs being tightly

nipped between the finger and thumb and then suddenly re-

leased when simple vibratory motion is produced in the atoms

of the surrounding air, commencing with condensations opposite

the external flat sides of the prongs and with rarefactions in the

air opposite the interval between the prongs.

The waves of the two series diverging around the tuning-

fork give an excellent example of the interference of waves

within an elastic medium. The pitch of the musical note of

the two systems of waves is the same, but the loudness or

intensity of the sound at the same distance depends on the

position of the ear with respect to the fork, for on turning the

fork round its axis or round its end, near the ear, the intensity

of the sound changes and becomes almost nothing in certain

positions where the two systems of waves neutralize each other,

the atoms of air being excited to equal and opposite phases of

vibration in such positions. This case of the tuning-fork fixed

by its stem is the most important to discuss, for we can find

the mathematical expression for the oscillations or vibrations of

the prongs from the known law of the elasticity of flexure of a

uniform straight rod fixed at one end and bent by a perpen-
dicular force applied at the other. This experiment is easily

tried by taking an elastic rod AB, figure 70, fixed at A and

free at B. Having tied a cord round the end B, let it pass over

a small pulley c, and attach a weight w at the other end. On
the weight being allowed to bend the rod the deflexion Bb is

found for all small weights to be proportional to the weight w,

that is to the force producing it, and this force is balanced by
the force of restitution arising from the elasticity of the rod.

This is a similar case to the cycloidal pendulum where the force
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urging the body towards the lowest point is proportional to the

arc of displacement, and similar also to the dynamical problems
in central forces when the motion of a particle is rectilineal and

the attractive force varies as the distance from the center.

Thus if P is the place of a particle, figure 71, at a time

t from receiving a sudden impulse at the origin 0, OP = x, and

fj,x, the force varying as the distance OP and tending to

diminish the displacement OP, let OA = a be the utmost dis-

tance the particle acquires where the velocity is nothing, and

the force brings it back again towards with a velocity which

carries it to a point A' at an equal distance to A on the opposite

side of 0; from which it returns again and performs regular

oscillations.

The accelerating force =
--^

=
JJLX,

dx

di

(j nf*
.

.
,

the particle velocity
= = + J^ (a

2

,, ^. f + dx
.-. the time =t=l-

.'. t + c =
j-

sin"
1 - for the upper sign,

1 x= .- cos"
1 - for the lower sispa.

V/t

It is of consequence to examine which of these is the most

convenient form for application in the theory of sound.

Let X be the breadth of a wave or the distance of any part
of one wave to the like part of the next wave, with a the wave

velocity of transmission, so that X = a x time of one complete
vibration of an atom.

Let b be the maximum displacement of an atom, and the

displacement at the time t being S - s = ty (at s)
- s

;
this for

simple sound motion is to take the form

Let t' be the time when the atom comes next again into the

same phase of vibration, or let
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{m (at' -s) + A}-{m(at-s) + A} = 2?r,

/. ma(t' -t) = 2TT,

2?r
and ma = -.

and

-.--^ q- p -r
,

time of one vibration X

27T
,

A/

so that the displacement

, /sin\
f
2?r . .

*( J W
Vcos/ I

X v

and by changing the origin of the time we may take the

displacement

= b sin
| -^ (at

-
s) [

,

which is Sir G. B. Airy, the late Astronomer Royal's form and

very convenient for application.

From what has been already stated of the property of linear

differential equations, if there are several causes of displacement
of the atom, the resultant displacement will be their algebraic

sum, and can be easily found when the component displace-

ments are given.

Let A, A', A" &c., 6, b', l>" &c., be the values in the compo-
nent displacements, and known, we have

the resultant displacement = 6 sin I (at s) + A
J
+

&' sin^ (at
_ 8) + A'\ + i" sin #J (ai

_ s) + A"\ + &c.

/O x

= sin f (at s)} {b cos A + b' cos A' + b" cos A" + &c.}

+ cos a^ - 5 & sin ^ + b
'

sin ^' + b
"
sin ^ /X + &c--

Let b cos A + b' cos J/ + b" cos J." -I- &c. = B cos Z>,

b sin ^ + 6' sin A' + 6" sin J." + &c. = jB sin D }
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then B and D are known, for

B2 = B2

(sin
2D + cos

2

D) = (6 sin 4+6' sin J/ + 6" sin 4" + &c.)
2

+ (6 cos J. + b' cos J.' + 6" cos A" + &c.)
2

,

6 sin A + b' sin A' + b" sin J." + &c.
and tanD = r- -j r, ,

, ,,, ,

6 cos A + 6 cos J. + 6 cos J. + &c.

and the resultant displacement

= B
j
sin (^ (at

-
*))

cos Z> + cos (^ (at
-

s)\ sin D\

= Bsm(~(at-s)+D\.

By the converse method a given displacement may be

resolved into component displacements, as required for the

solution of problems.

When there are only two causes of displacement we have

B2 =
(b sin A + b' sin A)

2 + (b cos A + b' cos A)
2

= b
2 + b'

2

+2bb'cos(j> -A),

and the value of B depends not only on b and b' the component

displacements but on the origin of their times of like phase of

vibration, so that if A ~ A' = we have B2

(b + b')
2 and

B = b + b' or the sum of the component displacements.

IfA~A' = Tr, then B2 = (b~ b')
2 &udB = b~b' or the differ-

ence of the component displacements ;
and if b = b' then there

will be no displacement at any time t or distance s.

Let a/8, 78 represent in figure 72 the perpendicular sections

of the inner faces of the prongs of a tuning fork forming two

sides of a square. Let the intersections of the diagonals be

the center from which the sound waves at some distance may
be considered to diverge, and xOx'

t yOy being the directions of

the diagonals ;
the waves in alternate sectors will meet along

these directions with differences of phase of half an interval,

and will therefore neutralize each other's effects, and silence will

very nearly prevail along the directions xOx and yOy.

This is very easily perceived by turning the tuning fork

round its stem and also by turning it round its end, when held
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near the ear. In this case of the interference of two systems of

sound waves differing at their origin by half an interval or

A ~ A' = TT, gives B = b ~ b
f = where the waves meet along

xOx and yOy'.

Near the prongs, the vibrations of the atoms of air will be

the same as those of the prongs, but at a distance the vibra-

tions, in the directions of the sound rays, diverge round the

center 0, from the elasticity of the air.

PROP. If two sets of sound waves originate similarly and

simultaneously from two centers near together as A and A' in the

figure 73, to find the interference result at any given point P.

Join AA' and draw the line yAOA' to be taken for axis of

y. Let be the middle point between A and A! and

OA = OA = a.

Through and perpendicular to yAOA draw OMx the axis

of x.

Then P being any given point, let M = x, PM = y be the

coordinates of P, and AP =
s, A'P = s, we have

s =

Let b and 6' be the maximum displacements in the two

vibratory motions at the distances s and s' respectively, then if

the velocity of transmission of sound is v the resultant displace-

ment at P
, . 2-7T , , , , . 2-7T , ,.= 6 sin (vt s) + b sin (vt s).

A. A,

It is generally supposed that the intensity or loudness of

sound varies, like the brightness of light, as the inverse square

of the distance from the origin, although it is not so easily

shown experimentally in sound as in light. So that if the

waves were equal or had equal displacements at equal distances

we may take the maximum displacement of either at a distance

unity = B, and then the intensity being taken proportional to

the squares of the maximum displacements we have
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T>

and similarly &' = ,

so that the resultant displacement at P

= B\- sin
2~

(vt
-

s) + -, sin ~ (vt
-

s')l .

[S
A. 5 A/ J

To apply this expression to different cases, first let the point

P be in the axis of #, then as at a in the fig. 73,

a
2
,

and the displacement
= sin (vt s\

S A/

and the intensity varies as -^- ,
which is four times that of

s

either of the component sounds separately.

Secondly, let the point P be in the axis of y and then

s = y a.y s' = y + ai ) and if a is small compared with the dis-

tance y we may in the coefficient put s = s = y and the resultant

displacement

= -
1
sin

-^ fa -(y

2B . ZTT,^ ?r=y sin (vt
-

y) cos a
,

and the intensity varies as

when a = - or = (2n + I)T and ^ is any integer, we have

f,

4
~~ v-'" */^

and the sound ceases for all values of y.

When a = ^ ,
or = n - and n any integer, then cos

2

a=l,^ 2t A
4.B

2

and the intensity = 2
- or four times that of either of the sepa-

rate sounds.
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For values of a between (%n + V)-: and n-~ there will be

intermediate intensities along Oy, so we find that the sound

heard along this direction depends on the distance AA'
}
and X

the breadth of the sound wave.

Thirdly, let the point P be anywhere in the angle xOy but

at such a distance from that s and s' may be taken equal in

T) Tl

the coefficients - and
;
we have there the resultant displace-s s

ment

x cos - [Jo? + (y + a)
2 - Jo? + (y

-
a)

2

},

and the intensity

If S is the difference of the paths A'P and AP or

S = 8
f -8

we have

or 4ay
- S

2 = 2S7^ + (y
-

a)
2

,

or 16ay - 88% + S
4 = 4S2

(a? + y*- Zay + a
2

)

^,2
2

or -
F2
-

|? + 1 = 0,
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which is the equation of an arc of an hyperbola for given values

of S, and when B = (2n + 1) ~ there will be silence along this

arc, whilst for S = 2n . -= = n\ there will be sounds of four times

the intensity which either of the component sounds would have

given separately.

For points nearer to A and A' these results would not hold

good, and do not apply to cases where a condensation in one

direction at the origin arises simultaneously with a rarefaction

in the opposite direction.

PKOP. To investigate the laws of the echo or reflexion of

sound.

Let A, Fig. 74, be the origin of sound around which the

sound waves as abc diverge, and let AM be the direction of any
sound ray, in which the rectilineal vibrations of the particles

of air take place.

Let OMM' be the section of a smooth hard surface perpen-

dicular to the plane of the paper, against which the sound

waves may impinge and be reflected.

Draw AOA' perpendicular to OMM' at and make

A '0 = AO, then the sound waves after reflexion will diverge

around A as they originally did round A. For if we draw the

straight line AMR through A' and M then MR can be shown

to be the reflected ray corresponding to the incident ray AM.
Draw MN perpendicular to OMM at M and let the angle of

incidence AMN = i which is equal by the construction of the

figure to the angle NMR, which is to be shown to be the corre-

sponding angle of reflexion and therefore MR which is in the

plane AMA to be the reflected sound ray corresponding to the

incident ray AM.

We may resolve the vibrations of the particles of air, which

take place in AM, in directions parallel and perpendicular to

OMM'
,
and if b is the maximum displacement of any particle,

we shall have b . sin i = displacement parallel to OM, and

b . cos i = displacement perpendicular to OM.

P. H. 10
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Now the particle of air which is at the face of the hard

surface at M will have the component vibration parallel to

OM = b sin i unchanged ;
but in the perpendicular direction

MN it will receive only a compression and by virtue of its

elasticity will exert a force of restitution equal to the force of

compression but in the opposite direction, giving the component
vibration = b cos i, and this compounded with b sin i, gives

T
-

.
= tan i, or the angle of the reflexion in the plane

b cos %

ANN equals the angle of incidence, and A'MR is the reflected

ray corresponding to the incident ray AM. Again,

(6 cos ;)'+(& sin
i')

2 = &
2

and the displacement in MR is the same as would have occurred

in AM produced, at the same distance from A, or the reflected

sound-waves diverge around A' in the same way as the original

sound-waves did around A. From this we see that if P in the

next figure 75 is any point where the direct and reflected sound-

waves meet, then the interference results investigated in the

last article will hold good, with the retardation

This explains the effect of resonance in rooms, and echoes.

There being cases of the voice of a speaker being in some

positions inaudible whilst in rooms with circular cylindrical

walls there may be a focus of sound conjugate to the speaker

where the auditor may hear a reflected sound much stronger

than the direct sound.

In these cases of the sound-waves originating from A and

as if from A after reflexion they are taken to arise from vibra-

tory motions of the molecules of air commencing with ten-

dencies to produce condensations or rarefactions in the medium,
but not to produce both at the same time, namely, one of them

in one direction and the other in another direction simulta-

neously. In the discussion of the sound heard around the

prongs of the tuning-fork the places of silence were shown to

occur from the concurrence of two systems of waves which had

passed over equal distances, but differed at their origin by half

an interval or half the breadths of the sound-waves, that is, one
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system had commenced with tendencies to produce condensa-

tions whilst the other had commenced simultaneously with

tendencies to produce rarefactions. There are other interesting

cases where both tendencies arise together as in the vibrations

of flat springs, and when these are held near the orifices of

resonant reflecting cavities, of which the simplest are the

cylindrical and prismatic tubes open at one end and closed at

the other. The Pandean reeds and stopped diapason pipes of

the organ sound in this manner.

PROP. To find the interference result when a vibrating

surface is placed at the orifice of a cylindrical or prismatic

tube closed at the further end.

Let A be the vibrating surface at the open end of the tube

aBb which is stopped at the end B, in figure 76.

The vibrations communicated to the air within the tube

will have a phase differing by half an interval Lg from those

propagated on the outside of A, and when the reflected wave

from B arrives at A again it will have a retardation 2AB + ~
;

so that supposing P any point in the line of the axis of the

tube and AP = x the phases of the two systems of waves at

this point, the one direct from A and the other reflected from

B and passing freely through the surface at A, would be
o <o_. . -\ \

(vt x) and --
(
vt oc 2AB ^ )

Let b be the maximum
A, \ \ 2i/'

displacement supposed the same in the two components, then

the interference displacement

b sin (vt -x}+ sin^ (vt - x - 2AB
|

26 sin \* (vt-x-AB + ]}} cos -(AB + ?} .XV ~
4/ \ V 4y

The intensity of the sound will be proportional to

. 7 , ^7r/. T A<

46
2
cos

2 --

102
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and cos
2 -AB + 7

= 1 when AB =
(2>i + 1) and n = or

A \ 4v 4

any integer, in which case loud sound will be heard at P.

When AB = (2n + 1) ^ and ^ = or any integer, then
2i

cos
2
-T- fJ.5 + 7

J
=

0, and there is silence along this line AP.

These results are in strict accordance with experiments, and

are easily verified by the musical instrument called the Pandean

pipes. Taking the expression AB =
(2?i + 1) T when any pipe

is made to sound by blowing across the open end, if n = then

A = 4<AB (= 4fl if I is the length of the pipe) and the note is the

lowest in pitch which can be obtained, and we have a most

certain method of determining A = 4 the breadth of the sound-

wave for any given note, by having the stopper at the end B
moveable so as to be capable of being moved in a tube back-

wards and forwards until the note required is produced by

blowing across the end of the tube. If \' is the breath of the

wave of the next note which can be obtained by blowing more

strongly over the open end of the tube we must put n = 144 A
and then A' = ^ AB =

^ I or X' = =
; similarly if X" is the

o o o

breadth of the wave of the next higher note obtainable, by

putting n = 2 we have A" = and so onwards. The pitches of

the notes being inversely proportional to the wave-breadths,

the notes obtainable from the tube open at. one end and

stopped at the other have the pitches proportional to the series

of odd numbers 1, 3, 5, 7, &c., whilst those which have their

pitches proportional to the series of even numbers 2, 4, 6, &c.,

are not obtainable.

The articles 185 and 186 in Sir John Herschel's treatise on

Sound relate to this subject, and article 185 has been repre-

sented as inaccurate by lecturers professing to understand the

subject but who have mistaken Sir John Herschel's method of

discussion. He supposes a surface as A in the figure 76 to

receive an impulse by which it makes an excursion from its
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place of rest and by the elasticity of the medium returns to it,

after attaining a certain displacement; this "going and return-

ing" he calls a complete vibration, and we may compare it with

the vibration of the pendulum of the Astronomical clock with

the dead-beat escapement, which receives its impulses at the

lowest point of its excursions, first displacing it to the one side

and then to the other. Those who could only see a complete
vibration in a body falling down an arc of a cycloid, rising up
an opposite equal arc, and then returning to its original position,

have not understood Sir John Herschel's discussion, which is

perfectly correct.

When the tube is open at both ends the column of air

within may be set in vibration by a vibratory motion produced
in the air at one of the open ends, but then the air at the other

end will be in a like state or there will be loops and vibratory
motion at each end of the pipe, and there must be one or more

nodes in the length of the pipe, as is found by experiments to

be the case. We have now, if I is the length of the pipe, I = --

Zi

or X = 2, and the lowest note produced is the octave of that

produced with the same length of tube closed at one end.

When there are two nodes, the wave-breadth of the note pro-
duced is J that of the lowest note, and when there are three

nodes it is J that of the lowest note, and so onwards, so that the

pitches of the notes are as the series 1, 2, 3, 4, 5, &c. Many
musical instruments fall under the case of a tube open at both

ends, the open diapason organ pipe and flageolet, the flute,

the trumpet, the hautboy, and many others, belong to this

system, and the succession of notes of the diatonic scale for

each arises from the effective lengths of the tube according to the

above law, with some considerations to be taken into account

from the nature of the form of the further end of the tube.

The constructions of the speaking-trumpet and of the ear-

trumpet require the consideration of the laws of the reflexion of

sound, which being identical with those of the reflexion of light,

we have no need to make a new investigation of the correct

forms of the reflectors, but may assume the knowledge of the

correct forms of optical mirrors. Thus when an origin of sound
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is in one focus of an ellipsoidal reflector, the sound will be

reflected to the other focus, and if the origin of sound is in

the focus of a paraboloidal reflector, the sound rays will be

reflected parallel to the axis of the reflector, the sound rays being

taken diverging before they fall on a concave reflector, and taken

converging before they fall on a convex reflector
;
and these are

the only forms we need to consider as entering into the con-

struction of the speaking and ear-trumpets. The speaking-

trumpet should evidently be of the form produced by the

revolution of a very excentric ellipse, or of a parabola, so that

the mouth of the speaker being in the focus of the concave

reflector, the axis of it should be directed towards the person

who is to hear the words spoken.

We must here however remember a characteristic difference

between sound and light, for although light is inflected into the

shadow of obstacles which lie in its path, yet the effect is very

small compared with the divergence of sound in all directions,

and its spreading around the boundaries of the objects in its

way. In this way the sound which passes out of the opening of

the speaking-trumpet diverges greatly on all sides, and is not

kept even moderately to the direction of the axis of the trumpet.

This property has to be borne in mind in the construction of the

ear-trumpet also.

For an ear-trumpet a flexible or a rigid pipe, either tapering

or of uniform bore, is generally employed with a bell-shaped

funnel at the farther end for collecting the sound. The great

disadvantage of this construction is the large amount of hetero-

geneous buzzing, useless and interfering sound which is trans-

mitted to the ear, and these sounds are caused by the irregular

interference of the sound-waves entering the funnel. Mr John

Marshall, the eminent surgeon, saw that for sound to be regularly

reflected, the instruments must be constructed on the same

principles as the analogous optical instruments, and to have

sound-waves pass down a tube in a regular manner there must

be two reflexions, as in the reflecting telescopes. By persevering

in a course of experiments he found that the bell mouth of the

ear-trumpet should be constructed on the principle of Casse-

grain's telescope, with very deep reflectors to restrain the sound



ON HYDRODYNAMICS. 151

from diverging; each being either of parabolic or excentric

elliptic form, with coincident foci and coincident axes. The
mouth of the trumpet was like the fig. 77. The inner convex

mirror was held in its place by three arms with adjusting screws

and nuts at the sides of the larger mirror. It was found also

that a small pipe projecting from the vertex of the small mirror

was an advantage probably, as it prevented a divergence in the

sound-rays, forming a parallel pencil as they entered into the

tube going to the ear.

In the fig. 77, let AGE be the concave reflector smooth on

the inside, made of sheet brass or zinc, of which the aperture to

receive the sound is AB, and the pipe leading to the ear is CD.

Let acb be the convex small reflector, smooth on the outside,

made of a parabolic form, of brass and supported with its axis in

the axis of the large concave reflector, by three arms of brass ef,

gh, %k, with screws and nuts to adjust it to the correct position

at the outside of the large reflector, through apertures in which

the arms pass and are fixed to the small reflector. Then if the

focus of the small convex reflector is coincident with that of the

large concave reflector, a pencil consisting of sound-rays parallel

to the common axis of the reflectors will be brought to converge
towards the focus of the reflector, and then falling on the small

convex reflector will be reflected in a pencil of parallel rays
down the tube CD, and may be conducted by convenient pipes
to the ear. The deep form of the reflector ACB prevents the

reflected converging beam from spreading very much, and the

small convex reflector being of corresponding shape, the twice

reflected sound beam consisting of parallel rays passes up the

pipe CD strongly condensed and free from heterogeneous inter-

fering sounds. With the reflectors in proper adjustment, Mr
Marshall has shown that sounds from distant origins (such as

the ticking of a watch) are quite audible through the means of

such an ear-trumpet with their peculiarities of sound, though
quite inaudible to the naked ear. It was found that the trumpet
acted better when a small pipe, as cd, passed along the axis of

the small reflector and was fixed to it. The cause of this is

perhaps that such a pipe prevents the divergence of the beam
in passing from the reflector abc to the pipe CD. It has been

found that the trumpet is effective if it is held with moderate
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obliquity to the direction in which the sound is coming. It will

be seen that Mr Marshall had a good deal of experimental

investigation to go through after he had got the idea that an

ear-trumpet ought to be constructed on the principle of the

reflecting telescopes, before the instrument was brought to its

best form for sound
;
on account of the different properties of

light and sound with regard to lateral divergence.

In discussing the problem of sound it was assumed that the

particles of air might be put, by various means, into states

of vibratory and undulatory motion. The equations which have

been investigated for the equilibrium of flexible surfaces enable

us easily to find expressions for the vibratory motions of such

surfaces in several interesting cases, when sound is produced in

the air. The degree of extensibility of the flexible surface under

the tension to which it is subject, does not affect our equations,

since it is supposed that the additional extension produced by
the vibratory motions is very small and negligible, and as not

affecting the solution.

PROP. To investigate the differential equation for the vibra-

tory motion of a narrow rectangular strip of a flexible sheet,

stretched by a given force in the direction of its length, after

being slightly disturbed by a slight perpendicular force into some

curvedform.

Let abed be the narrow strip of a rectangular form with the

longer sides parallel to x'Ox in fig. 78, the axis of x, which

bisects the opposite narrow sides
;
and let the axis of y or y'Oy

bisect the longer sides of the rectangle, so that the origin is

at the intersection of the diagonals or center of the rectangle.

Then the tension T being applied at the fixed sides ab and

cd in opposite directions, will be everywhere the same through-
out the strip in the direction oc'Ox, and if

//,
is the mass of a

unit of area of the sheet, then
fju

. ds . ds is the mass of the

elementary area ds . ds' and equal to rp . ds . ds of the articles

on the equilibrium of flexible surfaces.

By D'Alembert's principle the equations for the motion of

the element are deducible from those for the equilibrium of it
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by putting X - ~
,
F- -~

,
Z-~ for X, Y, Z, respectively

in the equations ;
which then become as follows :

dx , dx/ , dx\ f , dx\

f ^r dV\ 7 7 ,
, \ ds \ ds'J

(X -, 2 TO ds . ds H 5 h -^

r-;
= 0,

V dt J
r ds ds

.-
7
,^ dlTdaM

ds/ \ ds

ds

d(Tds'
d
-f}ds .

( dr*\ , , ,
,

V ds/ \ ds
[Z-j3 ]rpd8.d8 + -5

+ -T-,
= 0.

V dt, J ds ds

In the problem we have X = 0, F=0, ^=0 since there

dzx d*v
are no external accelerating forces, and also

-j-j
= 0, ^ 2

=
0,

Ctt ftt

since no motion is supposed to take place in the directions oc'Ox,

y'Oy. The sides ob and cd being fixed whilst ad and be are

free
;
whilst the displacement of any element is only parallel to

dx - dy A efo' ^ c?^ _ dz
Oz, we have ^=1, ^ = 0, ^=1, ^ = 0, ^=0; puttmg

now
fj>
= rp the equations become by omitting the common

factor ds . ds as follows

'->-
.

.(3).

From (1) we have T= constant, and given by the problem ;

from (2) we have T' indeterminate and it may = ;
also since

T constant the equation (3) becomes

^
<tt" ds*
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which is the same differential equation which was found for vi-

T
brating cords, and of the form integrated before with a2 =

,
and

z =
(j) (at + s) ^r (at s),

or since the displacement was considered to be very small, we

have x = s very nearly, and

z = (at + x) ty (at x)

or the strip will have a vibratory motion which it communicates

to the air.

If the surface is a rectangle and not narrow but stretched

by forces of tension applied in opposite directions to each pair

of its opposite sides, the equations of motion are easily found as

in the next proposition.

PROP. To investigate the differential equation for the vibra-

tory motion of a rectangular flexible sheet stretched by given pairs

of forces, applied at the sides of the rectangle and respectively

parallel to the other sides.

Let abed be the rectangular sheet in
fig. 79, with its sides

respectively parallel to the axes xOx, yOy' of coordinates and

the origin at the intersection of the diagonals or center of the

rectangle ;
the axis of z

t
or Oz being perpendicular to its plane.

The sides ab, ad, cb and cd being fixed.

Then as in the last proposition, we have X = Q, F=0,

\Jif tX/
f\ tJ f\ 1

\M*AJ
-| // /\ t^<^

p. o "I

c?f
~

'

df
~

ds
'

ds ds ds

so that the equations of motion become

d(T)_
ds

(3).
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Now (1) and (2) give T constant and known, T' = constant

and known, so that (3) gives

tfz _ T d*z T_ dY
d?~~ ^'ds*

+
ft 'ds*'

or putting s = x, s = y we have the unintegrable equation

tfz^T d*z r tfz

~dt*

~
~p

'

dx*
+

fjb

'

dy
z

for the vibratory motion of the sheet after the perpendicular

disturbance.

When T=T', we have

<Pz_T(cI^ tfz\

df
~
^W df)

'

which may be considered as the differential equation for the

vibratory motion of the head of a drum.

On Resistances.

The motions of solid bodies are considered to take place in

the first instance in a vacuum or void space, by which is meant

space not containing material particles, although it may contain

aethereal and spiritual existences, entities, essences, or substances

which are without sensible mass or inertia.

If the space in which bodies are projected, or are in any

way set in motion, contains fluid matter possessing the proper-

ties of mass, inertia and weight, the particles of the fluid being

displaced and set in motion by the moving body will receive

some of the momentum which the body originally possessed,

and leave a remainder continually diminishing with the advance

of the body.

The continual diminution of the momentum and moving
force possessed by the moving solid body acts as the result of a

retarding force, which requires to be included with the active

forces when bodies are supposed to move in fluids under the

action of given accelerating and moving forces.
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When a solid body is immersed in a fluid at rest, or if a

solid and fluid body are moving together uniformly as one body,

the pressures on the surface of the solid are subject to the laws of

hydrostatics ;
but if there is any relative motion of the solid

with respect to the particles of the fluid around it, then the

pressures on the side of the surfaces towards which it is moving
will be increased, and those on the opposite side will be dimi-

nished. Both the increment of pressure in front, and the

decrement behind, act as retarding forces
; being the differences

between the actual pressures respectively and those required for

equilibrium.

The front of the body may be considered as pressed or

pushed backwards and the rear of the body as drawn or pulled

backwards, so that the sum of the two effects forms the whole

retarding force of resistance acting on the body which is in

motion relatively to the particles of fluid adjacent to it.

The first of the above-named effects is easily investigated

by the ordinary methods of treating hydrodynamics, but the

second had never been found in this manner, and accordingly

the subject of resistances was admitted to be in an imperfect
state as left after application of the old theory of hydrodynamics,
and was a strong evidence of its insufficiency and inaccuracy.

Sir Isaac Newton has treated the subject of resistances in

his second book of the Principia, and for elastic fluids con-

siders them as being constituted of distinct molecules or atoms

capable each of separate motion amongst the others, and thus

deduces the resistance varying as the square of the relative

velocity for the front of the body.

For the whole resistance front and back the following dis-

cussion arises, and both liquids and gases are now known to be

elastic fluids, though subject to different laws of compressibility.

PROP. To find expressions for the resistance experienced by
a plane area moving a fluid in a direction perpendicular to the

plane.

Supposing the fluid to be constituted of molecules with

nuclei at equal distances in all directions as in the general

discussion of Hydrodynamics; let 2Ss be the distances of the
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nuclei and also the lengths of the edges of the attributed cubes

of each molecule, so that p being the pressure on a unit of area

supposed to be taken in a surface of equal pressure, then on the

face of one of the attributed cubes the pressure will be p . 48s
2

.

In the direction of the variable pressures at right angles to the

plane, if s is the distance of any plane of equal pressure when

the pressure is p, measured from any fixed point in this direc-

tion, and p is the pressure on such planes at the distances

s 28s, then by Taylor's theorem

dp 28s tfp 48s
2

d*p
^ - + -

putting + Bp for p' p we have

L (dp 28s
, d*p 48s

2

d?p 88s
3

and in the case of resistances we may stop at the first term of

the expansion or we may put

rs dp 28s
i ox) = 4* -^ . 7- .~

ds 1

If the molecules in the planes are acted on by an accelerat-

ing force R in the direction of the variable pressures and p
is the density of the fluid and average density of the attributed

cubes, also if m is the mass of the nucleus, we have

m =
density x volume = p . 88s

3
.

The impressed moving forces acting on each molecule are

therefore mR and + 8p . 48s
2

; whilst the effective force is

dv_ dv

dt ds'

This latter taken in the opposite direction to that in which it

acts, will by D'Alembert's principle make equilibrium with the

impressed forces, or we have

mR + Sp x 48s
2 m . v -r = ;

>y o

substituting for m, 8jo, and reducing we find

"
p

'

ds
'

ds
~"
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In the case of resistances v is the relative velocity of the

molecules with respect to those which are adjacent, and for the

simple case of motion putting R =
0, we have

1.4... fr.a
p as as

When the fluid is a gas we have p
-

, by Boyle's law, and
K

when it is a liquid we have p = -^-^ by Canton's law. Sub-
1 - cp

stituting these and integrating with p^ the value of p when the

ds
relative velocity v

-^
was nothing, we have expressions giving

pp^ the resistance on a unit of area of the front of the plane

and p^p that for the back of the plane; the pressures being

supposed to increase as s increases so that the upper sign

applies to the front and the lower sign to the back of the

plane.

PROP. To apply the general formula investigated in the last

article to find expressions for the resistance experienced by plane

surfaces of bodies moving in gases in directions perpendicular to

such surfaces.

Having the general equation as follows

+ !.J>_ l) .J =
,~

p ds ds

and p = -
by Boyle's law, therefore

fl dp 1 I
dv

+ K l-.-r ds- v ,
- =

0,
Jp ds J ds

or e

let p be pt
when v = 0, and correcting the integral we have
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Taking the exponential form and expanding we have

!L
2

( v* 1 v
4

1 v
5

= * * = i-- +

The upper sign referring to the front of the plane we see

that p is always greater than p t
and the resistance on a unit of

area is

The lower sign referring to the back of the plane we have
*

p=p l
e 2/c

,
and p is less than p^ but can only become nothing

when v is infinite. The resistance =pt p

We see that for slow velocities when we may stop at the

first terms of the expansions that the resistance front and back

or p pt
and p t p are each equal pl -s"

ss
^ v*> and their sum

~fC ~i

or whole resistance =
,

= p . v2
.

1 K

Adding together the two series we have the sum

and the whole resistance increases as the velocity increases with

a higher power than the square of the velocity. This was found

by Dr Hutton to be the case with cannon shot moving through
the air: the resistance varying as v* for slow velocities, but

increasing to v
8 '

183
for quicker velocities.

When we investigate the resistances experienced by bodies

of different forms we shall put ILV* for the resistance on a unit

of area for the front and //V for that of the back, where /* and

//,'
are each =

|
for slow velocities, but

yu.
and // must each have

as the coefficients the values deduced from the above series for

quick velocities in gases.
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PROP. To apply the general formula investigated in the last

article but one, to find expressions for the resistance experienced

by plane surfaces of bodies moving in liquids in directions per-

pendicular to the surfaces.

Taking the general expression

1 dp dv A+ -.-f-v-r = 0,~~

p as as

we have by Canton's law p = y-^-
1 for substitution, and the

general equation gives the integrals

,

1
/"/, N dp , f dv ,

+ -
(1
-

cp) -f- ds = Iv -j- as,
j

x ds J ds

and

let Pi be the value ofp when v = 0, and correcting the integral,

we have

Since c is very small we may for ordinary velocities neglect
jt

the term
^ (p + pj and we have the resistance for the front of

the surface

and for the back of the surface

or in liquids the resistances are very nearly the same for the

front and back of a plane moving in a direction perpendicular

to its surface in the mass of the liquid. When the plane is

near the surface of the liquid there may be a vacuum at the

back of the plane, or in the atmosphere there may be only the

atmospheric pressure.
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Let h be the height the body must fall by the action of

gravity to obtain the velocity v or let v* = %gh, let z
l
be the

depth of the small surface, then

and for the front of the plane we have

p-pl *& + -ffPi(

for the back of the plane

We see that in front the pressure increases with both ^ and

h, but at the back the pressure is nothing for z^
= h and for all

less depths, since it cannot be less than nothing. This can be

seen by moving a flat rod through the water briskly, and it

requires consideration in the motion of floating bodies.

PROP. To find expressions for the resistance on a small

plane area moving obliquely through a fluid.

Let a = the area of the plane, at B in the figure 80, moving
in the direction BA, which makes an angle 6 with BP the

perpendicular to the plane.

Let the relative velocity of the plane and fluid be v, and

therefore v cos 6 is the perpendicular velocity from which the

resistance arises
;
and v sin is the parallel velocity which is

affected by the adhesion in imperfect fluids.

If p and
fjf are the coefficients respectively front and back

of the resistances, we have a.jjLV

2
cos

2
6 and a/jfv

2
cos

2
for the

resistances perpendicular to the plane, and these resolved in the

direction of the motion give a/ry
2
cos

3# and a/uV cos
3

#, the resist-

ances in the direction of the motion BA.

PROP. To investigate expressions for the front and back

resistances experienced by a solid of revolution moving in a fluid
in the direction of its axis.

Let APCQBQ'CP' be the solid of revolution of which the

surface is formed by the revolution of the curve APQB around

P. H. 11
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the line BOAx as axis of x in figure 81, and let the origin of

coordinates be taken so that the tangent of the generating

line of the surface at C and C' is parallel to Ox, and OCy is the

axis of y. The part of the surface generated by the arc AC is

the front of the body; and the part generated by CB is the

back of the body ;
when the motion of the body in the fluid is

in the direction Ox.

Then OCy being the axis of y, taking elementary rings on

the surface PP and QQ', of which the radii PM = y = QN are

equal ;
let the arc AP =

s, and the breadth of the ring PP' be

ds, that of QQ' be ds
;
then the area of the surface of the ring

PP' is 2iry . ds, that of QQ' is 2try . ds'. The cosine of the angle

which the direction of motion makes with the normal at each

point in the circumference of the ring PP' (or cos 6} is
-jt

,
and

that at QQ' is
-^-, ,

so that the resistance on the ring PP' is

. . dy t

ds J ds J

and that on the ring QQ is

The resistance on the whole surface of the body front and

back

if, ,[ dif
dy + * y > '

where -r- and - are given by the equations of the curves APC

and BQC-, the integrations being taken between the limits

y = and y = OC, which is given when the form and magnitude
of the body are given.

When is the center of a regular body as a sphere, spheroid,

&c., we have -/ = -j^, ;
and if the relative velocity v is not veryas as

great then
//,
=

// = ^ for both gases and liquids, and the whole
2t

resistance becomes
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or more generally

which is twice the value hitherto given, in the discussions on

the subject of resistances.

When one of the front or back surfaces is plane, we have

=
1, or -7^7

=
1, and the

ds

hemisphere or hemispheroid is

-7^
=

1, or -7^7
=

1, and the resistance of such a body as a
ds ds

which is much more than the resistance on the whole sphere or

dy* dy*
spheroid since -- or -, is less than 1, for the curved surface

;

and it is immaterial whether the plane or curved surface forms

the front surface, with slow velocities.

To apply the above formulae for moderate values of v to

particular cases, let /A
= p = ^ .

z

Ex. 1. To find the resistance experienced by a circular

disc or short cylinder, moving in a fluid in a direction perpen-
dicular to its plane.

Let b be the radius of the disc, then the whole resistance

front and back = jrpv^b
2

, which may be obtained by putting vrfr
2

for a in the expressions of the former article with 6 = 0, or

otherwise by integration.

Ex. 2. To find the whole resistance on a sphere of a

radius = b, moving in a fluid with a relative velocity
= v.

We have a? + f = l>\ and
d/z

=
as

112
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and the resistance

~-=
27rpv

z
I j~- . ydy . . . from y = to y = b

=
J

which is one half of the resistance on the flat disc of Ex. 1,

considered as a great circle of the sphere, and it is twice the

value hitherto found in elementary treatises.

Ex. 3. To find the resistance experienced by a hemisphere of
radius = b, moving in a fluid in a direction perpendicular to

its plane surface, but with either the plane or curved surface

first.

Then the resistance

=

which is half as much again as the resistance experienced by
the whole sphere.

Ex. 4. To find the resistance experienced by a spheroid

moving in the direction of its axis of revolution in a fluid.

Let -, + y;j= 1, be the equation of the generating ellipse of
a o

the surface, and a greater than b, when the spheroid is prolate,

but b greater than a when it is oblate.

We have

dy*_ V(b*-y*}
ds* tf + (a*-b*)y

2 '

Therefore the resistance

=
Zirpv* \y -j-^ dy. . . from y = to y = b,

52

By putting e* = 1 ^ for the prolate spheroid, expanding
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the logarithm and reducing, we find the resistance diminishes as

a increases, whilst b remains the same.

The resistance becomes that of the sphere in Ex. 2, when

we put a equal to- b.

When a is less than b and the spheroid oblate by expanding
the logarithm in a series and then putting a equal to nothing,

we find the result of Example 1, for a circular disc. Also putting

a = b again we have the oblate spheroid becoming a sphere
and the result is the same as in Ex. 2.

Ex. 5. To find the resistance experienced by the segment

of a right cylinder or an elliptic base, moving in a fluid in the

direction of the major axis of the ellipse.

Let ABA'D'D be the segment of the cylinder on the elliptic

base ABA'B' in figure 82, of which is the center and also the

center of coordinates
;
with OA = a the major axis, and OB = b

the minor axis of the ellipse, having its equation

Let OC = PQ =/, be the height of the segment, and AQ = s
;

then PQ being an element of the surface of breadth ds, we have

its area =f . ds, let also

We have as before

and the resistance on the element

The resistance on the whole surface = 4 times that on

ABED
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= 2^/6i^ { L- sin'
1
* - 1j .

e* \ei- e
*

I

Ex. 6. To find the resistance experienced by a right cone

moving in the direction of its axis in a fluid ; with either the apex
or base first.

Let ACBB'C' be the cone moving in the fluid in the direction

OA as axis of x.

Let OA =a be the height of the cone, and OB = OC=b,
be the radius of the base BCB'C', and OC the axis of y, in

figure 83.

Then the equation of the generating line AC of the curved

& / A
surface is y = -

(a
- x\ and

The resistance on the convex surface

.- + C' from y = to

The resistance on the flat base =
\Trpv*b

z

, therefore the

resistance on both the front and back surfaces

a? + 6
2 '

and the resistance diminishes as a increases. When a = b, the

resistance = f 7rpv*b
2 which is the same as for the hemisphere in

Ex. 3, and bodies of the forms of the cone and hemisphere of

the annexed figure 84, experience the same resistance, when

moving the direction of the axis OA.
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Ex. 7. To find the resistance experienced by a double cone

moving in a fluid in the direction of the axis.

Let a be the height of each of the cones having 6 the radius

of their common base.

The resistance

=
TTpV

2



CHAPTER V.

ON HEAT.

WE may consider the science of the theory of heat as in-

cluding three subsciences
; namely, first, the science of radiant

heat in which the properties analogous to those of radiant light

in Physical Optics are considered; secondly, as a branch of

Chemistry when it affects the properties of dense matters in

regard to their chemical affinities, compositions, decompositions

or changes of Physical states; and thirdly, as an important

branch of the mechanical sciences.

It is only in strictness that the third branch of the science

of heat ought to be discussed in the Hydrostatical and Hydro-

dynamical sciences, but it becomes almost impossible to avoid

touching upon some properties which belong to the other

divisions of the subject. The mechanical properties of heat,

arise mostly from the presence of caloric or elementary fire, in

greater or less quantities in bodies, determining the volumes in

which dense matters or substances present themselves to us,

their capacity for caloric (or specific heat) and their temperature

(or degree of sensible heat) and their bulk being connected

together by rules which differ for different substances. If by

any means we change one of these, we change one or both of

the others also.

When an increase of the volume of a body, solid, liquid or

gaseous arises from an addition of caloric, then if its capacity

for caloric remains the same or nearly the same, its tempera-
ture will have risen

;
and thus the increase of temperature has

been accompanied with mechanical effects, and if it is free a

motion has arisen amongst the constituent molecules of a solid

or liquid body, with respect to some point (such as the center of
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gravity) considered fixed
;
and if the increase of volume has

been opposed, in either a solid, liquid or gas by the contact of

some other body or bodies a mechanical pressure or increase of

pressure has taken place at the points of contact, from which

motion may or may not have occurred, We trace in this in-

stance the development of mechanical force to the action of

caloric upon dense matter. Conversely, if several bodies were

in equilibrium under mutual pressures and caloric was ab-

stracted from one of them, then its volume diminishing, or

tending to diminish, its constituent molecules might receive

motion with respect to some point considered fixed, and the

state of equilibrium would cease, and so motions might ensue

amongst the contiguous bodies.

In these cases mechanical force is developed by the varying
relations of the dense matter, and the caloric of the body which

has changed in amount.

The simplest way in which we consider these results to

happen is by supposing that the caloric is a highly subtile fluid

of which the atoms or molecules are immensely repulsive of

each other but have correspondingly great affinity and attraction

for the atoms and molecules of dense matter; so that an amount
of caloric collects itself in atmospheres around the atoms or

nuclei of the atoms and molecules of dense matter
;
and from

the mutual repulsion of the caloric atoms in the interior

of the body together with the attractions of these dense atoms

for each other and for the caloric of the body, there may be

equilibrium. At the surface of the body these conditions for

equilibrium cannot be fulfilled, and the mutual repulsion of the

caloric atoms produces continual radiation of heat which we
know as stated in Part I. of this treatise has the same properties
as radiant light, so that radiant caloric flies off from the surfaces

of bodies in sheet, or shells with intervals X, which remain the

same with the same kind of radiant heat.

In this radiant heat the properties of reflexion, refraction,

absorption, polarization and interference have been found, as

they are found in light, and which are discussed in the author's

two volumes on Physical Optics.
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As the radiation of heat is continually going on from the

surfaces of all bodies, they become colder when they receive

less caloric than they lose; warmer when they receive more

than they lose
;
and remain at the same temperature when they

lose by radiation an equal amount of caloric to what they
receive from other bodies in return, during the same time.

The resultant radiation therefore depends on the temperature
of the body compared with that of the surrounding bodies.

When bodies are in contact, caloric may pass from one to

the other by conduction in the same way in which it passes from

one part to another in the same body, but if the touching body
is fluid the part which is in contact with a solid of different

temperature becoming heated or cooled, it becomes specifically

lighter or heavier than the remainder and rises or falls within

the general mass of fluid, so that fresh portions come into con-

tact with the solid adding heat to it or abstracting heat from it,

and the changes of its temperature from this cause are said to

be due to convection. A body cooling in the air therefore is

subject to change of temperature both by radiation and con-

vection. The laws of these effects were first completely discussed

by MM. Dulong and Petit*, and belong to the science of radiant

heat.

Mechanical force we know arises from the actions of gravita-

tion, electricity, magnetism, chemical affinities, &c., but these

cases do not come within the bounds of Hydrostatics and

Hydrodynamics in regard to the special mode of their actions,

like those of caloric, since the relations of the densities, volumes,

fluidity, elasticity, &c. of fluids depend on the relations of the

dense matter and the caloric of which they are composed (or

which enter into their composition). From these considerations

we must take the caloric as an essential part of the body in any

given state
;
and when in an unchanging state the atoms under

the actions of the opposing forces must assume a symmetrical

arrangement, or since the cube is the only regular figure which

will thus fill all space symmetrically we must consider the fluids

when no crystallic arrangements exist, to have their atoms in

cubical arrangement, and a cube of space must be attributed to

* See Annales de Chemie et dc Physique, for 1817.
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each with the hard and heavy nucleus in the center of this

attributed cube
;
which in a perfect fluid is in neutral equi-

librium.

The liquids being subject to Canton's law as stated in the

elementary treatise or Part I. of this work, at page 5, we may
employ it to find the change in the distances of the centers or

nuclei of the atoms under changes of pressure.

PROP. To find the expression for the distances of the centers

of the atoms of a liquid under a given pressure in terms of their

distance when subject to no pressure.

Let c equal the compression of a unit of volume under a

unit of pressure, which differs for different liquids as seen in

the table of compressibilities. Then by Canton's law when a

volume V has been compressed to a volume V by a pressure p
upon a unit of area, we have

F-F'_ /"/>-!

y
- CP-

In taking F and p each equal unity we find the value of c.

The mass remaining constant, if p and p are the densities

corresponding to F and V respectively, we have the mass

= Vp=V'P ',

or p = p
.

1 - cp

When the liquid is unchanging in its state, the attributed

cubes of the atoms will have their volumes subject to the same

law as the definite volumes, or if 2r is the distance of the

centers of the contiguous atoms when p = and 2r' that when
the pressure is p we have the volumes of the respective attri-

buted cubes Sr
3 and 8r/3

.

Then *- = <>

or r = r / cp.
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Since c is always very small, and less than one twenty
thousandth part for water, when p is measured in units of

mean atmospheric pressure, we see that / will not change

sensibly from r under ordinary pressures and the state of the

caloric contained in the liquid body will be little affected by
the change of pressure, and also the temperature in like manner

will be scarcely affected; which is in accordance with experi-

ments.

In the elementary treatise the three approximate laws of

the relations of the elastic force, density and temperature of

gases were discussed, and the reasons were given for the greater

probability of the truth of Dalton's law for the relation of the

volumes and temperatures of gases under constant pressures

than Gay Lussac's law, but a more complete examination of

M. Regnault's experiments has led to a different conclusion

which will be found further on.

We have these three approximate laws as follows :

1st. The law of Boyle (and Mariotte). The elastic force of

a gas varies inversely as the volume it occupies, when the tempe-
rature is constant. From this it arises that the pressure of a

gas, when uniform upon a unit of area, is proportional to its

density : since the density is inversely as the volume of a given

mass. This is expressed in the formula p = Kp, which has been

frequently employed in the previous pages; with p the pres-

sure, p the density and K a given constant.

It was found long ago that this law is only an approxima-

tion, and M. Regnault in his treatise the " Relation des expe-

riences, &c.", published as a separate treatise and also as

volumes for 1847 and 1853 of the Memoires de 1'Academie des

Sciences, has given the history of the various researches on the

subject in his sixth memoir on the law of the compressibility of

the elastic fluids. His own experiments were much more

accurate and complete than any previously tried, and show that,

with the exception of hydrogen gas, the gases are more com-

pressible than the law states them to be, and the deviation

from the law is the most sensible in the gases which are easily

reduced to the liquid form. Hydrogen gas appeared to be even

less compressible than according to the law, but the small
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variations from the law may have arisen from some unperceived

corrections which were required, for if the results are absolutely

correct, then hydrogen is more than perfectly elastic.

If V is the volume of any portion of gas under the pressure

P, Fj the volume of the same portion under the pressure Plt

then by the law

p : p
i

: : v : F
X

or
p;

=
~v '

PV
then PV= P^ and^ = 1.

Now with the exception of hydrogen gas, when P was the

less and P
t
the greater pressure, this ratio was found experi-

V P
mentally to be greater than 1, or ~ was less than

-p-
,
and in

PV
the liquefiable gases the ratio p-^ became greater as P

4 ap-
"i *

i

proached the pressure which would reduce the gas to a liquid

state.

2nd. The law of Gay Lussac as follows : The volumes of a

gas increase in an arithmetic progression as the temperatures
increase in an arithmetic progression, when the pressure is

constant. This is expressed in the formula F=F (l+af),
which is an approximate rule sufficient for ordinary computa-
tions, F being the volume of the gas at the freezing tempera-
ture of water and F the volume at t above it.

Dalton's law that the volumes of a gas increase in geometric

progression as the temperatures increase in arithmetic progres-

sion, is not even an approximation to the strict law, for it gives
F= F e

a
*, and though this agrees with Gay Lussac's law, as

shown in the elementary treatise, for temperatures near the

freezing point of water, yet they soon differ considerably for

temperatures above the boiling point of water, where Gay
Lussac's law becomes a very close approximation to the experi-
mental results.

In the Philosophical Magazine for October, 1864, the author

of this treatise found that the results which M. Regnault
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obtained in the comparison of a thermometer formed with

sulphurous anhydride with an air thermometer, showed the sul-

phurous anhydride to follow a hyperbolic law of expansion,

supposing the air thermometer to be nearly correct as compared
with the other.

The experiments of M. Regnault show that the coefficient

of expansion a in the above formula increases in value as the

density of air increases or as the atoms are closer together.

Carbonic anhydride shows the same property as atmospheric

air, but more strongly ;
and sulphurous acid gas shows the same

property more strongly still. Hydrogen gas, on the contrary,

showed no sensible variation in the value of a. It follows that

a standard gaseous thermometer should always be constructed

with hydrogen gas.

The value of a in Gay Lussac's formula for carbonic an-

hydride at the ordinary atmospheric pressure was found to be

'37099 when the unit of value of f was taken as the interval

between the freezing and boiling points of water, whilst at

a pressure of rather more than three atmospheres it was found

to be "38455. M. Regnault found a thermometer formed with

sulphurous anhydride to give diminishing values of a. for the

higher temperatures, the experiments being carried from C.

to 310'31 C. On examining these results the author found

the volumes of sulphurous anhydride to be represented by the

ordinates of an hyperbola when the temperatures were repre-

sented by the abscissae*.

In the figure 85 let PBAQ be an arc of the hyperbola of

which the vertex is A and C the center. Let the temperatures
be set off along the axis of abscissae GAGMX as axis of x, taking
some unit of length to represent the unit of measure of tempe-
rature. Then if the asymptote GB'P makes the angle P'Cx

about 20J with the axis of x, and we take some point for the

zero point of the scale of temperatures with OB to represent F
the volume of the gas at this temperature, we shall have the

volume F represented by PM when GM represents the tempe-
rature from the experiments. If P' is the point in the asymp-
tote corresponding to P in the curve or P'PM is a straight line,

*
See Philosophical Magazine for October, 1864.
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then according to Gay Lussac's law P'M would be the volume

of the gas at the temperature OM if OB' was the volume at 0.

Now at great distances from A the vertex P'M and PM are very

slightly different, but differ rapidly as the negative temperatures

approach to OA, which represents the temperature of lique-

faction.

In examining M. Regnault's results it was found that by

taking G the center, with Ox, Oy in the figure 85 the axes of

coordinates and the equation of the hyperbola

by putting CO = m and the equation as follows :

where x was the temperature on the centigrade scale, then

three results of experiments sufficing to determine the con-

stants, they were found to be

-
a
= 13913 or - = -3730,

a a

m = 277'464 Cent. = 00,

a2 = 5111-2 and a = 7l'492 Cent. = CA in fig. 85.

Taking y for F and = BO in the figure then the other

values of V represented by PM when the temperature centi-

grade was x = OM were very accurately represented by the

equation and required only exceedingly small allowance for

unavoidable errors of experiment.

If we differentiate the first of the above equations or

we have

dy_b
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When x is + a then -p
=

infinity ;
and this must be at the

CLX

vertex A, the point of liquefaction of the gas, which, when

known under a given pressure, will give an important datum,

and probably much more accurate than can be found from the

discussion of experiments like the preceding.

When x = infinity, we have
-^

- which equals a in Gay

Lussac's law.

The sulphurous anhydride was prepared by M. Regnault from

the reaction of mercury upon sulphuric acid, and it traversed

slowly, in small bubbles, a long inclined U tube filled with

concentrated sulphuric acid before passing into the receiver.

On examination by tests it was found to be perfectly pure

sulphurous anhydride.

The mean values of a for centigrade degrees were found to

be as follows :

From C. to 98'12 C. the mean value of a = '0038251

C. to 102H5 C. a = -0038225

C. to 185H2 C. a = -0037999

C. to 257H7 C.
: , a = -0037923

C. to 299'90 C. a = -0037913

C. to 310-31 C. a = -0037893

These values of a are not widely different from those for the

more permanent gases, the value of a for dry atmospheric air

being found to be = "003665.

With the data found above, we find the temperature of

liquefaction, or AO in the figure 85,

= CO-CA
= m a

= 277'464 - 71'492

= 205-972 C.,

which is ten times the number of degrees below the freezing

point of water that the ordinary sulphurous anhydride liquefies

at; namely, under atmospheric pressure at the cold produced
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by mixing snow and salt, or about 20 C. As prepared by
M. Regnault the gas approaches more nearly to the unliquefied

The law of Amontons, as discussed further on, being ex-

pressed in the form p = /cp(I+at
Q

), must be received as the

true law within the limits of accuracy, which can be attributed

to the laws of Boyle and Gay Lussac, of which it is compounded,
but it is not an absolutely exact law for any gas, with perhaps
the exception of hydrogen gas.

3rd. The law of Amontons. The compounding of the laws

of Boyle and Gay Lussac gives the formula p = /cp (1 -f a.f),

and when the volume and density are constant, then p varies as

(1 + at
),
which is the third approximate law.

To deduce the law of Amontons from those of Boyle and

Gay Lussac, let > p F be the pressure, density and volume of

a gas respectively at the freezing temperature of water, then by

Boyle's law

Po = K
P<r

At t above this temperature, let p become p' when F
becomes V but the pressure remains pQ ,

then by Gay Lussac's

law, we have

or

Let now the pressure change from p to p whilst the density

changes from p to p, and by Boyle's law

-?-*<*">

or p=
Po

which is the law of Amontons and a general law within the

limits of accuracy which can be attributed to the laws of which

it is compounded.

P. H. 12
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If the volume and therefore the density is constant, then

the pressure p varies as

PROP. To express the changes in the distances of the nuclei

of a gas which arise from changes of pressure, whilst the

temperature remains the same.

Let the pressure p change to p' whilst the volume changes
from V to V and the density from p to p.

Let the corresponding change in the distances of the nuclei

of the neighbouring atoms be from 2r to 2r'.

V 8r3

p' pThen -, =_,-=,

and ^
or the distances of the nuclei of the atoms of a gas are inversely
as the cube roots of their densities.

In this manner if a portion of a gas is condensed into half

its volume or to double its original density, we have

, ,
2r 2r 2r= =

, -259921
whence 2r 2r = 2r

1-259921'

or in reducing the volume of the gas to one half, the distances

of the nuclei have been reduced rather more than one-fifth of

their original distance.

If a gas is so compressed that the nuclei have their distance

reduced to half their original distance from each other, we have

2r =2rxJ = |i
4/8'

and the gas must be compressed to one-eighth of its original
volume.



ON HEAT. 179

If originally at the ordinary atmospheric pressure of 147

pounds on each square inch, then, when the nuclei are com-

pressed to be at half their original distances, the elastic force of

the gas will be 117'6 pounds on the square inch.

In these three laws no consideration has been taken of the

amount of caloric existing in the gas, the laws involving only

the elastic force, volume and temperature of the gas; or the

equivalents to them, the pressure, reciprocal of the density, and

heat of the gas. In some problems the relations of the elastic

force and temperature are involved when the amount of caloric

remains the same
;
as in the theory of sound, it is a question

of importance how the temperature of the air is affected in the

sudden condensations and rarefactions occurring in the vibratory

motions of the atoms of air and consequently what is the law

for the elastic force in such cases
;
and again in the steam

engine, if the steam is used expansively and there is no time

for the escape of caloric, it is important to know how the

elastic force is affected by the expansion, and this depends on

the change of temperature which may take place in the steam

from the expansion.

In the experimental investigations of these relations there

are great difficulties, arising from the sluggishness of even the

best thermometer; for in the two important casesjust mentioned

it is the instantaneous change of temperature which attends

the change of volume and density that is required to be known
and not that which may arise after an interval of even a sensible

part of a second of time, which may involve another law and

which is applicable in other cases, but not in these.

This subject has been investigated by Leslie, Desormes and

Clement, Gay Lussac and Wetter, Dulong, Mr Meikle and the

author, in different methods of experiment.

Brequet's thermometer (Part I. page 94), being the most

sensitive of all, gives very valuable results, but it is not adequate
to determine the law required at once, on account of the small

mass of the elastic fluid which comes in contact with the helix,

unless there is considerable agitation of the gas at the time

of its expansion or condensation. When placed in the receiver

of an air pump, on one or two strokes of the pump being made

122
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this thermometer falls gradually during several seconds and then

rises slowly to its original temperature. If then the air is

admitted again through the pipes by unscrewing the plug of

the instrument, the thermometer rises for several seconds and

then falls slowly again to the original temperature of the room

in which the experiment is made. After a certain measured

amount of exhaustion of the receiver, if the air is allowed

to re-enter suddenly so as to agitate and mix greatly the con-

densed air, then fresh portions of the condensed air being

brought in contact with the helix of the thermometer it indicates

as rapidly as the air enters the increase of temperature due to

the condensation.

When the experiments are so conducted that the direction

of the changes of temperature only are required, then both

Brequet's and the common mercurial thermometer, being only

required to act as thermoscopes, are very sensitive.

A method invented by MM. Desormes and Clement ap-

peared to give an adequate modification of the air thermo-

meter for these purposes, but on examination it is subject to

fatal objections ;
and the dynamical effect on the moving fluid

in the tube requiring consideration in the first instance, this

had been overlooked. Similar methods employed by MM. Gay
Lussac and Wetter, and by Mr Meikle involve the properties of

the air thermometer which will be here therefore examined.

Referring to the elementary treatise (Part I. page 88), when
the instrument is made in the form of figure 86, the objection
to it is, that if the internal air in the bulb and tube is separated
from the atmosphere by a small portion as a of some liquid in

the tube AB, generally mercury, the adhesion of the liquid to

the glass requires some force to overcome it
;
and a sensible

change of elastic force of the air in the bulb c will arise whilst

no result is seen in the motion of the separating liquid at a.

The form, fig. 87, is very useful in popular experiments on

heat in the lecture room, because the tube AB may be of

sufficient bore, compared with the bulb C that passing through
a cork D into a vessel EF of coloured water, the motions of the

extremity a may be seen easily at several yards' distance. For
accurate experiments several precautions are needed, as correc-
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tions for changes of the barometric pressure of the atmosphere,

and of the height of the column of liquid Aa.

PKOP. To investigate approximate formula? for the gradua-

tion of the air thermometer when of theform figure 88.

Let V be the volume of the bulb E and the tube from A to

0, being about the middle of the tube AB, and B being in

the level of the surface of the liquid ab in the cup or cistern

CD, which is supposed of large surface compared with the bore

of the tube AB, with capillary attraction allowed for.

Let t" be the temperature when the liquid from the cistern

fills the tube up to 0, and OB = a. Let P be the upper surface

of the liquid in the tube when the temperature is t", and

OP = x. Let c be the area of the perpendicular section of the

tube, and therefore the volume of the contained air in the bulb

and tube to P is V+ ex.

Now if h is the height of the barometer when formed of the

liquid in the cistern and p its density, with p the pressure of

the atmosphere on a unit of area, and e the elastic force of the

external air, we have p = e gph.

Let p' be the density of the contained air and e
r

its elastic

force, or pressure p in the bulb and tube to 0, when the tem-

perature is t" and the volume V.

Let p" be the density of the contained air and e" its elastic

force, or pressure p" in the bulb and tube to P, when the tem-

perature is t" and the volume V + ex.

Then by Amon ton's law we have if e =p
f

,
e" = p" )

p e' Kp (1 + at' ) gp (h a) x

p"
~

e' Kp" (1 + at" ) gp [k (a x)} h + x a
'

but // /-. . 7777^
= ^r (

1 + -7^ ^7

When x and a are small compared with h (h
= 34) feet for

water on an average and ex small compared with V we have

V+cx
^TT =1 nearly,
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(*'-O x
and ^-^^ nearly,

Therefore having found x corresponding to a given number
of degrees (t" t') the scale can be easily graduated approxi-

mately by taking proportional parts ;
but h changing with the

barometric pressure the scale will not be always equally accu-

rate, and the temperature for the point must be found for

every change of h.

PKOP. To investigate a more accurate formula for the

graduation of the air thermometer when the levels of the liquid

inside and outside the tube are the same, allowing for capillary

elevation or depression.

Let CD, fig. 89, be the tall vessel containing the liquid, such

as mercury, up to some point P. Let E be the bulb and AB
the tube of the thermometer, which can be raised or lowered in

CD until the liquid is at the same level, allowing for capillary

elevation or depression, on the inside and outside of it, as at P.

Let p be the barometric pressure, t the temperature and V
the volume of the air in the bulb and tube when is in the

level of the surface in place of P.

Let c be the perpendicular section of the bore of the tube,

OP = x; and let p be the barometric pressure, t' the tempera-

ture, and (V+cx) the volume of the contained air when the

point P is in the level of the surface of the liquid.

Then if p and p are the corresponding densities of the

contained air, since the mass is the same, we have

p V+cx'

and by the general formula we have

p Kp (1 + QtQ

p

L_
V+cx\ I+OL?
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Now when the barometer is at the same height is unity,

and for small changes we shall have - = 1 + z where z will be

small, positive or negative, but a known quantity.

Then

t' f cx z i cx
'

'

T~3 ~~/o
~~

Ilr + ~ 1
A + 171 -f- at a K a \

which gives the relation of t' 1 and x with the small term

depending on changes of the barometric pressure.

With respect to the employment of the air thermometer to

ascertain the changes of temperature arising from sudden

changes of density of the contained air according to the method

of MM. Clement and Desormes
;
a receiver A, figure 90, with

a horizontal pipe BC leading to an air-pump, had vertical tubes

DE, FG connected with it, and with cisterns at their lower

extremities containing liquids, one mercury and the other water,

and forming barometer gauges ;
and also a tube with stop-cock

H opening to the external air.

On the air-pump being worked when the stop-cock H was

closed and the air in A rarefied, the liquids rose in the barometer

gauges, as the mercury to a and the water to 6, the communi-

cation with the air-pump being then cut off, the whole were

allowed to rest and acquire the temperature of the external air.

The stop-cock H being then opened the external air rushed

into the receiver, but ceased to do so in J of a second, and then

the stop-cock H was closed. It was seen that the liquids in the

gauges fell from a and 6 to some lower levels which were noted
;

and then rose to some higher levels which were also noted.

This latter rise was attributed entirely to the heat developed in

the sudden condensation of the air in A having gradually

disappeared, the small quantity of air entering not being con-

sidered to affect the results otherwise than producing the con-

densation of the air previously remaining in A.
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The water gauge, being the most sensitive from the less

specific gravity of its liquid, was the one observed, and then the

observations were reduced to the corresponding mercurial

values. It is easily seen that the column of water in the gauge

falling from b would have acquired a certain degree of momen-

tum which would carry the upper surface below the place where

it would otherwise have rested, but this momentum would have

been opposed by the capillary adhesion of the water to the

glass. It is clear the experiment is a dynamical one before it

becomes a thermometrical one.

At the suggestion of M. Laplace the converse experiment for

cold produced by rarefaction in place of the heat by condensa-

tion, was tried by MM. Gay Lussac and Wetter. That is, a

portion of air was suddenly removed from the receiver and then

the communication with the air-pump closed, and the motion

of the liquid in the gauge was noted as before to determine the

cold produced by the rarefaction. This avoids the objection to

neglecting the re-entering air of the former method and was the

same as used by the author with Newman's air-pump. It is

subject to similar objections with the former method, and the

dynamical problem is as in the following propositions.

PROP. To determine the motion of the liquid in the tube of
an air-thermometer, arising from a sudden rarefaction of the

contained air, when the tube is horizontal; considerations of
heat or cold developed and of the adhesion of the liquid to the

tube being neglected.

Let F, fig. 91, be the bulb of the thermometer, EOB the

tube leading into the cistern CD below the level surface of the

liquid in it ab, supposed very large compared with the bore

of the tube.

Let G be a stop-cock in a pipe leading from the bulb F to

an air-pump or other exhausting apparatus.

Let the liquid in the cistern fill the tube at first to the

point A
t and after a portion of air has been suddenly re-

moved by the air-pump, &c., and the stop-cock G then closed,

let be the new place of the surface of the liquid when

equilibrium is again restored.
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Let OA = a, AB=b, and if P is the position of the surface

at any time t, let OP = x.

Let c be the area of the perpendicular section of the tube,

and let p be the density of the liquid in the cistern and tube,

then the mass in motion at the time t is

p . c . BP .
= c.p(a+b x).

The moving force on the column BP is the difference of the

pressures on its ends B and P
;
of which that at B is constant

whilst that at P is variable, from the varying elastic force of

the contained air, and is given by Boyle's law.

Let V be the volume of the bulb and tube up to the point

0, then the volume to the point P is V+ ex, and

elastic force of the air in volume V V+ ex

elastic force of the air in volume (V+ ex)

~~

V
Let p be the constant pressure on a unit of area of the

atmosphere and the liquid in the cistern at B, and pc is there-

fore the pressure on the end of the column in the tube at B as

well as at A and when there is equilibrium.

When the surface of the column is at P the resultant

moving force on it is

pc the pressure due to the elastic force of the air at P
F=pcpc-wV+ ex

.c.x

which varies as x nearly, when ex is small compared with V.

From these we have the accelerating force acting upon the

column at the time

_ d?x pcx
~df

= ~

and neglecting ex in respect of V we have by multiplying each

dx
-7-
(MI

dx
side by 2 -7- and integrating, also putting the velocity of the

.
, n dx

point P-t.= ,
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'* - 2 = 2P [f-i _
a + fr

2
"

^Vp](
L

a + b-x
dx*

dt

and since the velocity is when P is at A, and then x = a,

we have

=
||

{ + <> + 6) log. (6)} + C,

therefore generally

2 2 f, , x , fa + b x\ , J
" =^ |(

+ &) loft
( 5 )

-
(
~

*))

From the correction of the integral this will always give the

velocity v = when x = a, and there will be another value of x

when v = 0, as A'O, which is to be determined by the equation

x ax

of which the roots can be found by trial and successive ap-

proximations, in terms of given values of a and b.

Taking both the values of x for each case, when v = 0, we

find

if a is small compared with b, the roots are x=4- a, andxa^
a=b the roots are x=a, and #= TolSa,
a=2& the roots are x=a, and #= l*856a,

a~3b the roots are x=a, and x= 211 Ga,

&c. &c. &c.

We see that if there were no adhesion of the liquid to the

tube and no heat or cold developed, there would be unsym-
metrical oscillation of the surface at P about the point 0,

similar to what we find in certain other dynamical problems.

Next taking the case of the vertical barometer gauges or

manometers, as used in all the experiments, together with the

adhesion of the liquid to the tube as proportional to the

adhering surfaces, we have the following proposition.
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PROP. To determine the motion of the liquid in the vertical

gauge of an air thermometer taking into account the adhesion of
the liquid to the tube, when it arises from sudden changes of the

density of the contained air.

Let F be the bulb of the thermometer, in figure 92, having
a tube with a stop-cock G, by which a portion of the air may
be suddenly removed and the stop-cock closed. Let EB be

the vertical tube of the gauge dipping into the liquid in the

cistern CD. Let A be the level of the liquid inside the tube

in equilibrium before the portion of air is removed through

G, and the new position of equilibrium after that removal,

and then let the volume of the contained air in the bulb and

tube to be V.

Let P be the surface of the column of the liquid PB at any
time t

}
and OP = x, OA = a, AB b. The upper surface of

the liquid will generally oscillate about 0, and may attain some

maximum height OA.', when the velocity will be again nothing.

Let r be the radius of the tube and c the area of its per-

pendicular section, or 7rr
z =

c, let p be the density of the liquid

in the gauge. Then as in the last proposition, we have

the mass of the column PB= cp(a + b x)

the elastic force of the air in the bulb and pipe to P _ V
the elastic force of the air in the bulb and pipe to

Ifp is the pressure of the atmosphere on a unit of area when
the height of the barometer formed of the liquid of the cistern

is h, then the elastic force of the air filling the bulb and tube

to

=p-gp.OA

and the elastic force of the air when filling the bulb and tube

toP

= 9P (
Jl ~

V -\-cx'

The moving force acting on the column PB = pressure of the

atmosphere on the area c the weight of the column PA of
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the liquid the elastic force of the air contained in the bulb

and tube to P acting on the area c

y

Let now V = cti, where h
f

will be very large in the experi-

ments compared with a and x, and we may put

c (h a) c(h a) h a h
"T^T = -TD-(

=
7-?

-- =
r/ nearly,V + c# c (ft + a?) ft + x h

when a and x are small compared with h and A'.

Again the adhesion between the surfaces of the liquid and

the tube, which is proportional to those surfaces, becomes

= k . 2irr (a + b as),

if k is the adhesion of unity of areas of the surfaces. Taking
this adhesion as a retarding pressure, and putting for k its

value in terms of the pressure at some depth z of the liquid as

in hydrostatics or

k = gpz,

and also putting
- = n, which must be a known number, we have

d*x / . i /.-
gp

. pc (a -f- b - a?)
= gpcx f

whence

^ d?x _ gx f h a"
dt* ~^+l

h - a

Multiplying each side by 2 -
, putting T, for -n^~ and integral-

rtf III il -f- i?7

ing, we have
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da? f( /- k\ ( h\ a + b= v
* = 2q J27i + 1 4- r,

- 1 + OI-T-T--
dt

2 y
J { \ hj \ hja + b x

=
2,7 2n

and when v = then a; = a
;

.-. = 2^
[J8

+
(l
+

J,)|
a +

(l
+

,)
(a + 6) log,

(6)J
+ (7,

and therefore generally

From the correction of the integral we have in all cases

i) = when oc = a, and the other value of x when v is again
==

is obtained by trial and successive approximations from the

equation

fa + l-&
log.('

__
"""" v

It will be seen that this equation differs from the corre-

sponding one of the former proposition only in having in place
of unity the coefficient

As the values of n and h
f

are not given for any experiments

yet published, we are not able to make calculations for com-

parison with them, but by assuming different values for them

we can easily see that the experiment is a dynamical one in the

first instance. There is not however oscillation in every case,

as might have been foreseen, for when a is small compared with

b, the adhesion is more than the active moving force, and no

motion ensues, the equation giving no other admissible value

of x when v = 0, than x = a.
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For certain values of a with respect to b, and of the coeffi-

cient, the two values of x when v = are both positive or A'

lies below as well as A. For a certain value of a and of the

coefficient the second value of x for v = is x =
;
which will

be found further on for the case of a = 2b.

When

/I + -^r\ = I'Ol, or n = '005 (l + .-,)
.

( *+*)
l /J

If a = 6 then the roots are x = + a and # = l'455a

a = 26 a? = a # = - TSOoa

a = 36 #= a x 2*065a.

When

= 1-1, or TO = -051
V

If a = 6 then the roots are # = + a and # = *994a

a = 26 #= a a? = l'400a

a 36 #= a = l'661a.

When

h= 1'5, or ?i = '25 fl -f

If a b then the roots are x + a and x = + '266a

a = 26 x = a x = "2o7a

a = 36 x = a x = - '530a

a = 66 x= a # = - '992a

a = 96 a?= a ^ = - T270a.

For the case when x or A' coincides with 0, when

a = 26 we find

1-64792 nearly, or n = '32396 f 1 f p) ,
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and then

If a = 26 then the roots are x = + a and x

a = 66 x = a x = - 717a

a = 96 x = a x = '978a.

In none of the experiments which have been tried hitherto

have the requisite data been obtained*, so that a comparison

might be made to ascertain the effect due to change of tempe-

rature, but the author's own experiments show that n must

have been much larger than is taken in any of the above

calculations.

The experiments tried in the manner above, must be dis-

cussed as dynamical experiments before the thermometrical

effects can be determined, and the consequences deduced from

such experiments hitherto in the theory of sound, and the

specific heats of gases are inadmissible, from the neglect of the

dynamical part of the experiments.

That there is a great change of temperature accompanying

change of density of vapours and gases is evident by the cooling

of the high pressure steam jet as it issues from the boiler, where

it existed with high elastic force, into the atmosphere. It is

however only at a certain distance from the aperture that it

blows cold upon the hand on which it strikes, and as the hand

or a thermometer are brought nearer to the aperture the tem-

perature increases, showing that a certain time is required in

order that the expansion and the attendant change of capacity

for heat may be completed. The experiments with air in like

circumstances are similar, that is, if air is condensed into a

strong receiver, and then allowed to escape into the atmosphere,

the change of temperature near the aperture is small, and from

the author's experiments with Marcet's boiler, it is expressed by
the following formula.

Let 8 be the rarefaction or negative condensation,

V the volume of the gas when the pressure is p,

V p,

* See the author's paper in the Philosophical Magazine for October, 1862.
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then by Boyle's law

V'-V_p-p
V p'

since the change of temperature is small.

Now if CD
I
is the change of temperature when the rarefaction

is unity, and co that when it is 8, it was found that

co = fr)^
3

,

and co
l
= Q-2077.

From this the ratio of the capacities of the gas for caloric,

under a constant pressure, and in a constant volume, was

found as follows.

Let c = the capacity of air for heat at constant pressure
= the quantity of caloric which will raise the tempera-

ture of one grain of air 1 Fahrenheit.

Let F be the quantity which will raise it e degrees ;
then

T = C6.

Again, let

c = the capacity of air for heat at a constant volume or density

= the quantity of caloric which will raise one grain of air

1 Fahrenheit under this condition
;
then the quantity F will

raise it more than e degrees, since it has not been allowed to

expand, let the temperature it will be raised be (e + co) degrees,

and the elastic force will be also increased. Then we have

F = c' (e + &))

=
c(e),

, C + CO CO

and .*. -,
= 1 + .

c e e

Now the amount of caloric being the same, co is the tempe-
rature which would be lost by the air when allowed to expand
until it had got its original elastic force, and its value is

given by the formula
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Again, e is found from the approximate law of Gay Lussac,

since the pressure was supposed constant, in terms of the rare-

faction as follows.

Let F be the volume of the gas at the freezing temperature,

V at f above freezing,

V at (t

9
-\- e) above freezing,

then F=F ! + <>,

V 1 + cf + ae ae

V
'

l+a 1+crt

V - V V ae
and -- = - 1=

8 (1 + at }

or e= -L-

c CD
and -7= 1-f- = 1 4-

c e

r
.1"+ G*

'

Taking the value of a. = ?-J^, and w
1
= "2077, we have

c'
'

2378(1+^)'
^

or = 1 nearly for small values of S, and the instantaneous
c

change of specific heat in a gas is insensible for small rare-

factions and condensations.

After some small time which has not yet been ascertained,

the change of capacity for caloric is completed and the tempera-
ture has changed considerably, but we have seen that the

experiment of MM. Clement and Desormes is not sufficient

to determine it unless we can first find the dynamical effect

which arises.

Certain experiments of the author with Brequet's metallic

helix thermometer *
placed as at ab figure 93, in the receiver of

an air-pump AB of about 650 cubic inches capacity, with the

* The PliilnxnpJiiciil Magazine for January, 18G2.

P. H. 13
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opening at the top closed by a plate of glass CD smeared with

grease, gave results represented by this formula, the change
of temperature

= S. 111 Fahrenheit, whilst Poisson's formula

gives 8.116 Centigrade or 8.209 Fahrenheit nearly; or the

experimental result was a little more than one half of it.

In the experiments the exhaustion produced by the air-

pump being observed by the barometer gauge, and the thermo-

meter ab having become stationary, the cap of plate glass CD
was suddenly moved aside, and the external air entering with

a sudden rush agitated the remaining air greatly, and the

thermometer arrived at a maximum increase of temperature in

one second of time, and thus probably gave the true result
;

and the increase was very accurately proportional to
, though

it might have occurred in much less time than one second as

indicated by the thermometer.

y*

The ratio -
being a function of the time, the theory of

c

sound according to the method of treating it invented by
Poisson and Laplace becomes untenable, and all cases where

the values of the ratio have been taken f, T3748, 1-4061, 1-421,

as a fundamental value, fall to the ground.

On the correct measures of the temperatures of bodies and

on the construction of accurate thermometers.

We have hitherto employed the popular definition of tempe-
ratures as indicated by thermometers of ordinary construction

;

but when scientific accuracy is needed we must commence with

an -accurate definition or definitions of temperature.

It will be found that we may give two definitions of tempe-

rature, a statical one and a dynamical one.

The statical one is founded on the definition of M. Fourier

as follows*.

* See M. Fourier's Theorie Analytique de la Clmleur, page 20.
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The unit of measure of Caloric is the quantity which will

convert a unit mass of ice (such as one grain) at the freezing

temperature into water at the same freezing temperature.

If a number c of these units of caloric will raise the tempe-
rature of a unit of mass of any substance or body from to 1,

then we call c the specific capacity for caloric of that substance

or body, or its specific heat.

If now we communicate to that unit of mass of the body
a quantity of caloric zc, where z may be either a positive or

negative number, then z is the temperature communicated to

the body and is generally, not but universally, proportional to

the change of volume of the body.

We may call this the statical definition of temperature, and

it supposes that the specific heat of the body c is constant

through the range of temperature z degrees ;
but for great

ranges of temperatures it is found that c is variable, and that

the specific heats of bodies increase with increase of tempera-

ture, that is, it takes more units of caloric at high temperatures
to raise a unit of mass of a body through one degree of tempera-
ture than it does at low temperatures.

We have a natural unit of temperatures, the interval

between the freezing temperature of water and the boiling

temperature under the average atmospheric pressure at the

level of the sea. This unit is convenient for use when we have

great ranges of temperature to consider in our problems ;
but

for the more ordinary problems it is more convenient to sub-

divide this interval into smaller parts called degrees. In

Reaumur's scale of temperatures this interval is divided into 80

degrees, with its zero at the freezing point ;
in the centigrade

scale it is divided into 100 degrees with its zero at the freezing

point ;
and in Fahrenheit's scale it is divided into 180 degrees,

the freezing temperature of water being taken 32 degrees.
These subdivisions being made for practical convenience only,
the choice of the scale should be, for ordinary usage, that most

easily referred to and least liable to be misunderstood.

For these reasons Fahrenheit's scale is preferred in this

country, because its degrees are small enough to render it

13-2
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unnecessary to speak of fractions of degrees of temperature

generally, and the atmospheric temperatures in these climates

do not require to be spoken of as negative degrees below the

freezing point of water, leading to occasional misunderstandings,
where other scales are used.

The readings on the different thermometers for the same

temperature being R
Q
for Reaumur's degrees, C for the centi-

grade degrees, and F for Fahrenheit's degrees, these are

connected, as shown in elementary treatises, by the formula

80 100
~

180

Ro Co ^o_32

In place of c as before defined, let 7 be the variable quantity
of caloric required to raise the unit of mass of any substance

or body through one degree of temperature, and equal to/()
a function of the temperature, so that we have the differential

expression between 7 and t, with f(t) a known function of t

as follows

and therefore 7 = [ f(t) dt.
J t

There are cases of great importance when the function f(f)
should be known for the completeness of our subjects and

accuracy; as for substances at the low temperatures of the

solidifying of the gases, and at the high temperatures of the

melting of the refractory metals; but it must be determined

experimentally for the different substances and for their different

states of solids, liquids, and vapours.

The dynamical definition of temperatures is founded on the

velocity of their cooling in a vacuum.

When heated bodies cool by radiation of heat in a vacuum,

MM. Dulong and Petit found the rule for the rate or velocity

of cooling to be as follows. Let v be the velocity of cooling of

the heated body, measured by the number of degrees of tempe-
rature lost in a unit of time (as one second or one minute) if
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uniform during that time, and 6 the temperature of the body

surrounding the vacuum with (6 + t) the temperature of the

body in the vacuum, a a constant, and m another constant,

then if M m.ae
,

we have v = M (a* 1),

and M is the return radiation of the surface surrounding the

vacuum, and if this equals nothing, we must have 6 = oo
,
and

which must be at the absolute zero of cold, and at an infinite

number of degrees below the freezing point of water, and yet

they argue that M may not equal nothing, since the capacities

of bodies for caloric diminish with the temperature.

The velocity of cooling by radiation alone, without any
return from the surrounding body, we may call the absolute

velocity of cooling in a vacuum, and it becomes

v = Ma*.

dt
If r is the time, we have -=- = v,

U/T

and taking finite small differences for differentials

If Bf = 1, we see that ST becomes greater as t is less, and

the velocity of cooling is slower.

The absolute velocities of cooling by radiation or v = Mato
,
we

see would increase in geometric progression whilst the temperatures
t increased in arithmetic progression.

Putting v for the absolute velocity when the temperature
was 6 or t = we have v = Ma

,
and therefore if v is the velocity

at the temperature + t

and if v' is the absolute velocity when the temperature is -f

then v = v . a*'
,

or
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which gives the measure of temperatures in terms of the abso-

lute velocities of cooling by radiation alone in a vacuum, when

the constant a has been determined, and this we may properly

call the dynamical measure of temperatures.

From the above expression

v = <y.t/~ <0
,

which gives v in terms of t' when v, a and f are known in any
artificial scale of temperatures. The temperature t' f may be

expressed in terms of the caloric lost by radiation and compared
with those from the statical measures of temperatures; and

Dulong and Petit used the method to determine the specific

heats of various substances.

The statical definition of the measures of the specific heats

and temperatures of bodies is evidently the most available in

the investigation of the properties of accurate thermometers, or

instruments for measuring temperatures. According to this

definition, equal quantities of caloric are required to be added

to, or abstracted from, that already existing in the body, in

order to produce equal changes of temperature at all parts of the

scale of temperatures.

The comparisons of the air and mercurial or spirit thermo-

meters, showed to the early investigators very evident dis-

crepancies in the temperatures shown by them as ordinarily

constructed, and simple experiments showed that the air

thermometer approached the most nearly to an accurate ther-

mometer when the proper precautions were attended to. When
the experiments became more exact in the hands of M. Regnault,
it was found by him, that amongst the gases, hydrogen gas
alone possessed the property of equal increase of volume with

equal increase of caloric, at all available temperatures. The
construction of the hydrogen gas thermometer nevertheless

requires for accuracy the knowledge of the expansion of the

vessels in which it is retained
;
but this is required also for the

mercurial and liquid thermometers generally, and is of more

consequence in these latter from their relative expansions being
less compared with those of the solid materials of the vessels in

which they are contained, than in the cases of the gases.
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MM. Dulong and Petit found by means of the air thermo-

meter, that mercury expanded between the freezing and boiling

points of water , ,
.
()r>

th part, for the next equal increase of

temperature it expanded -;
th part, and for the next equal'

increase of temperature again it expanded v^^th part. These
'

are conformable to the law of uniform expansion as expressed
SF

by ^.constant for equal additions of caloric, and put into

dV
the differential form -= = adf, gives by integration and cor-

rection of the integral V F .eat\ where F is the volume of

the mercury at the zero of the scale where f = 0, but that zero

may be at any assumed temperature from which t is measured.

When the unit of temperature is taken, the interval between

the freezing and boiling temperatures of water, the value of a

from Dulong and Petit's results, as above, is

a.
= '0178576.

But from M. Regnault's more accurate determinations it is

a =-0179901,

and therefore the expansion of mercury must be computed from

the formula

V= F . e*
x '

179901
.

When f are centigrade degrees, the value of a. above must

be divided by 100, and when Fahrenheit's degrees, it must be

divided by 180.

The difference between the properly constructed air and

ordinary mercurial thermometers at the utmost, and half-way

between the freezing and boiling temperatures of water, accord-

ing to M. Regnault, who examined it very carefully, is only

about 0'2 centigrade, or 0'36 Fahrenheit, and the above formula

shows it to be OHO Fahrenheit.

To obtain practically standard mercurial thermometers, the

method indicated by theory would be, to take the opportunity
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of favourable states of the atmospheric pressures and tempera-

tures, and graduate them by careful and often repeated com-

parisons with the hydrogen gas thermometers of most careful

construction. From these accurately constructed and graduated
mercurial thermometers, those of other liquids such as alcohol,

for very low temperatures, may be graduated. Accurate ther-

mometers may be made with different liquids when the gradua-
tions are made by comparison with a correct mercurial standard

instrument, but the degrees on the scales would, in the case of

many liquids, appear very irregular. Water having its maximum

density at 39*1 F. and solidifying with expansion in volume at

32 F. would be one of the least convenient for such use. The

oils, whether fixed or volatile, would have many disadvantages.

Amongst the ethers and spirits, the recommendation for the use

of any one would be its freedom from the property of becoming-
thick and adhesive at very low temperatures ;

as temperatures
have already been obtained so far below the solidifying tempe-
rature of mercury that pure alcohol assumed a thick adhesive

appearance.

On the laws of the expansion of the transparent liquids.

The simple compound of oxygen and hydrogen with its

combined caloric, in the forms of ice, water and steam, which

constitute so essential a portion of the sea, of the solid materials

of the superficial crust of the earth, of the animal and vegetable

kingdoms, and of the lower parts of the atmosphere, is peculiar

amongst the transparent bodies in several of its physical

properties. Amongst these are the fixity of its freezing and

boiling points, its expansion in volume in the solidification at

freezing, and having a temperature of maximum density in its

liquid state
;
with properties in the form of steam, which render

it the most available of the sources of economical power in the

steam engine.

PKOB. To find the temperature of the maximum density of
water by experiment.
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The maximum density in water was first found to be nearly

at the temperature of 39 Fahrenheit by experiments with glass

thermometer tubes containing in the bulb and part of the stem

distilled water, freed from air by boiling or keeping it in the

exhausted receiver of an air pump. The expansion of the glass

of the containing bulb would slightly affect the results in this

method of experiment, and Dr Lyon Playfair and Mr Joule

invented an apparatus which avoids this uncertainty, being like

the fig. 94, where AB and CD represent two tall cylindrical

vessels formed of tin-plate. At ab the cylinders were connected

by a pipe ab having a stop-cock c which could be opened and

closed at pleasure. The cylinders were also connected near the

top by a canal ed} open at its upper side. The cylinders were

filled with water until the upper surface, as/#, partly filled the

canal de. Now this surface, and the water in the canal, would

come to rest when the stop-cock c was shut, if even the density

in one of the cylinders was different from that in the other, but

when the stop-cock c was open, the more dense liquid in one

cylinder would flow through the pipe ab to fill the lower part of

the other cylinder, and a stream would be seen in the canal de

moving in the opposite direction, which could be made very

evident by having a floating glass bulb as h in the canal. Having
the means of stirring the water in the cylinders to procure

uniformity of temperature in each, as ascertained by the requisite

thermometers, and means of raising and lowering the temperature
in either of them at pleasure, they found by the motion of the

float h in the canal the direction of the stream moving through
the pipe ab when the stop-cock c was opened, and thus found

which of the two cylinders of water was the most dense. By
numerous experiments they found that if the water in either of

the cylinders was at the temperature 39'l F. it was more dense

than that in the other, if the temperature was either higher or

lower than 39H in that other. This method is the most un-

exceptionable of any which has been used, being independent of

the expansion of the material of the containing vessels. .

Many experiments have been tried to determine the relation

of the volumes (or densities) and temperatures of water
;
and by

employing the method of expressing the volume or reciprocal of

the density, in a scries with constant coefficients, and ascending
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in integral powers of the temperature ;
and then finding the

values of the coefficients by comparison with the experimental

results.

The formulae found in this manner would be very useful to

interpolate between ascertained experimental results, when the

temperatures were not very distant.

The true physical law of expansion when once discovered

has the supreme advantage of affording accurate, in place of

approximate, results, and in the advance of scientific knowledge
will lead to a correct physical theory of the mutual relations of

matter and caloric.

Mr Waterston was the first to find that the expansion of

water* near the temperature of greatest density could be repre-

sented graphically by ordinates of arcs of an ellipse or parabola,

but that such arcs failed for higher temperatures. The very

accurate measures of the expansion of water for temperatures
both above and below that of the maximum density being now

known from the experiments of Despretz^, Weidner, Rossetti

and MatthiessenJ, it became desirable to find the accurate law

of expansion. On applying analytical methods to the solution

of the problem, with the data furnished by the above skilful

experimenters, the author found that the ordinates of a hyper-
bolic arc represent the increments of the volumes above the

temperature of maximum density, and those of an ellipse the

increments of the volumes below it. It thus appears that there

is a discontinuity in the law at this temperature, arising from

the atoms assuming a crystallic tendency below it.

PROP. To investigate the law of the expansion of water

in volume at temperatures above and Mow the temperature of
maximum density.

Let the volume be unity at the maximum density, and let

the temperatures from the temperature of maximum density be

measured in terms of the natural unit of temperatures, the

* See Philosophical Magazine for August, 1863.

t See Annales de Chemie et de Physique for 1839.

See the article ' beat' in the supplement of Watt's Chemical Dictionary.
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interval between the freezing and boiling temperatures of water

under normal circumstances
;
and marked N so that

1 N = 100C. = 180F.

Then let y, the abscissa, represent temperature on this natural

scale, measured in the figure 95, along the line y'Ay from A
that of maximum density, positive and negative ;

so that

_ C - 4

100
'

when centigrade degrees are used, or more correctly,

_
180

'

when F is the temperature on Fahrenheit's scale.

Let the increase of volume be represented by the ordinate x

measured perpendicular to Ay, or let Ax in the figure 95 be

the axis of x, and for any point P in the curve P'AP we have

PM = x, AM = y ;
or P'M' = x, AM' = -

y, and if the arcs AP,
AP' are conic sections we shall have

the upper sign if the arc is elliptic and the lower sign if it is

hyperbolic. The temperature at A being known, if two other

sets of corresponding volumes and temperatures are given by

experiments, as for example the values of x and y for the

freezing and boiling points of water, the values of a and b will

be given by the equation ;
but we find that the lower sign must

be used and the curve must be hyperbolic. When we apply
the formula obtained in this manner to other temperatures, we
find the volumes x given by the formula to be considerably
different from those given by experiment and the curve PAP
cannot be the conical hyperbola.

If we take two corresponding values of x and y from the

experiments on the same side of A, we find that we must take

the lower sign when they are at higher temperatures and the

upper sign when they are at lower temperatures than that for

the maximum density ;
or the curve giving the relations of the

volumes and higher temperatures is hyperbolic and that giving
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the relations of the volumes and lower temperatures is elliptic.

Applying the respective formulae to the corresponding volumes

and temperatures as found by experiment, they are now found

to agree as closely to the experimental results in different series

of experiments as these latter do to each other, and therefore

they may be received as the true physical formulae.

PROP. To find the numerical formula for the volumes of

a given quantity of water at temperatures between 4C. and

100 C.

The volume being taken unity at 4 C., the average of the

volumes found by Matthiessen and Rossetti at 50 C. was 1*01192,

and at boiling temperature 100 C. was 1 '04314, and in the

formula

a

we have at the boiling temperature

10QC.-4*C
100

when x = '04314 and y = '96N.

At the temperature 50 C. we have

= 50 C.-4 C. = -4GN when x = '01192,
100

substituting these in the formula and dividing one result by
the other we have

96
2

_ 2a x -04314 + '04314
2

iff-

~
2a x -01192 + '01192'

2 '

which give 2a = '141544,

or a = '070772;

substituting this value of 2a with the values of x and y at the

boiling temperature in the expression

if

we find = 115-673,
CL

which gives b since a is known.
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In this manner we find the semi-transverse axis a = "070772,

and the semi-conjugate axis 6 = '761164, also = the tangent
Ob

of the angle between the asymptote and axis = 10'7552 = tangent
of angle rather more than 84. 41', and the arc belongs to a very
flat hyperbola.

With these data the increment of volume x for given tem-

peratures y above that of maximum density can be calculated

from the formula

= -070772
y

57037

and give the quantities in the second column of the following
table :

Tempera-
ture cen-

tigrade.
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PROP. To find the numerical formula for the volumes of
a given quantity of water at temperatures between 4C. and

-10C.

The volume, as before, being taken unity at 4 C., the average
of the volumes at the freezing point C. as found by Rossetti

and Weidner was 1 '000136
;
and the volume found by Weidner

at -10C. was 1 '001904.

In the formula for the elliptic arc if
=

-^ (2ax
-

x*) we have
a

at the freezing temperature

- 4C

and at the temperature 10 C. we have

-10C.-4C.
y= -

roo
- = -i4'N.

These applied, as in the last case, give

2a = -01427996,

or a ='00713998, b = '205921,

the semi-axes of the very eccentric ellipse.

Substituting these in the value of x from the above equa-

tion, or

we have the numerical equation for the volume as follows,

2 ^

____ .............. . _____________ __ r v i_-_! L

4C
At the freezing temperature y

- = '04 N.

and the volume (1 +x) = 1 '000136 which was found experi-

mentally by Weidner to be 1-000137, by Rossetti to be T000135,
and by Despretz to be T0001269.

At 4 C. we have y = "08 N. and the formula gives the

volume (1 +a?) = 1'000560, which was found by Rossetti by

experiment to be 1'0005 16, and by Despretz to be 1*00036 19.
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At 5C. we have y '09 N. and the formula gives the

volume (1 + x)
= 1*000718, which was found by Weidner from

experiment to be T000710, and by Despretz to be T00069817.

At 10C. we have y '14N. and the formula gives the

volume (1 +#) = T001904, which was found by Weidner by

experiment to be the same value 1 '001904.

The property of water having a temperature of maximum

density, or minimum volume, has not hitherto been found to

exist in any other of the numerous transparent liquids. From
the author's investigations of the expansion by increase of tem-

perature of seven transparent liquids as found by the experiments
of MM. Ch. Drion and J. Is. Pierre published in the Annales de

Chemie et de Physique, it is probable that all, with the sole

exception of water, follow the same law of hyperbolic ex-

pansion.

The liquids for which the law of expansion, investigated

below, was found to apply* were ethyl chloride, liquid nitrous

acid (acide hypazotique), liquid sulphurous anhydride, aldehyde,

alcohol, ether (oxyde d'ethyle), and essential oil of turpentine

(tere'bene). These seven liquids are found to be very expansible

at the higher temperatures. M. Drion shows that the expan-
sion of ethyl chloride equals that of air at about 110C.; at

130C. it is nearly 3J times as expansible as at the freezing

temperature of water, and it becomes entirely vapour at about

170C.

PROP. To investigate tJte hyperbolic formula for the expan-

sion, of the transparent liquids.

If, in fig. 96, we take APB an arc of a rectangular hyperbola,

and refer it to axes of coordinates Ox, Oy parallel to its asymp-

totes, its equation will be of the form

(y-a)(b-x) = c\

and of the five quantities a, 6, c
2

, x,ywe must have the constants,

a, 6, c" given in order that the curve may be known.

* See Philosophical Magazine for November, 18(53.
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If PM= y represents the volume of the liquid when OM = x

represents the temperature and the constants are known, we

have

the volume = ?/
=

, ,

b x

and since the equation must be homogeneous, a represents

a volume, 6 a temperature and c
2 a product of a volume

and temperature, or we may write c
2 = c . c" where c represents

a volume, and c" a temperature.

The numerical values of the five quantities depend on the

units of measures employed, and we can easily pass from one

set of measures of volume and temperature to another set

by remembering that the equations must be homogeneous.

It is frequently convenient to take the volume of the liquid

at the freezing or boiling temperatures of water for the unit of

volume, and then the values of y, a and c' will be expressed in

terms of the same unit, whilst the temperatures x, b and c", may
be expressed in terms of the natural unit, the interval between

the freezing and boiling temperatures of water, this quantity

multiplied by 100 as in the centigrade scale, or multiplied by
180 as in Fahrenheit's scale. In this manner temperatures

given in centigrade or Fahrenheit's degrees are easily applied
in the formula when x, b and c" in c

2
are known upon the

natural scale.

For ethyl chloride, with the volume unity at the freezing

temperature of water, we have

a= -592369,

b = 2-885649,

c
2 = 1177508.

To compare the results of the formula with those found

experimentally by M. Ch. Drion, who had the liquid in a bulb

and stem closed at the upper end like the common thermometer,
and employed the centigrade scale of temperatures, we have the

values of the constants as follows,
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a = -592869,

b = 288-5649,

c
a = 1177508,

and with these we obtain the column of calculated quantities in

the table below.

Tempera-
ture cen-

tigrade.
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In the experimental results taken from 0C. to 126"6C.

some small corrections were needed for the vapour in the tube

above the liquid, but the differences between them and the

calculated volumes only commence in the third place of decimals,

though sometimes with large numbers. The values of a, b and

c
2
are found

a= '589227,

b = 2-43453,

c
2 = 1-000039.

M. J. Is. Pierre investigated in most valuable experiments

the expansions of forty-four transparent liquids, at temperatures

below their boiling points under atmospheric pressure. He
concluded that they follow very different and complicated laws

of expansion. The author believes it will be found generally

(water being the only known exception) that the transparent

liquids follow the same law of hyperbolic expansion, but that

the three constants a, b and c
2 have very different values for

different liquids. In M. Pierre's experiments the liquids were

contained in bulbs and tubes like the common thermometers

but with the upper surface of the liquid open to the atmospheric

pressure, as in fig. 97.

The values of a, b and c
2

being found from the lowest

temperature, the freezing temperature of water a.nd the highest

temperature of the experiments, the volumes for the remaining

temperatures, as found by experiment, agree very closely with

those given by the formula, the differences commencing only

when largest in the fourth place of decimals, and generally with

small numbers.

For the very expansible liquid aldehyde, of specific gravity

80551, which boils under atmospheric pressure at 22 C., with

the natural scale of temperatures we find

a= -5688698,

6 = 2-615555,

c
2 = 1128826.

For alcohol the values from - 32'22C. to 7673C. we find

a= '3538069,

6 = 6-175750,. :

c*= 3-990727.
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For ether (oxyde d'e'thyle) specific gravity 73581 from

- 15'36C. to 3814C., the values are found

a= "1969908,

b = 5-308687,

C
2 = 4-262927.

For essential oil of turpentine (terebene) from 0C. to

149'59C. the values of a, b and c
2
are found,

a= -1833844,

b = 8-844142,

c
2 = 7-222265.

The thermometers of alcohol are of continual use, having
several properties which render them useful; as in the minimum
thermometer of Dr Rutherford, and they are generally used

to indicate temperatures below the solidifying temperature
of mercury ;

below which the mercurial thermometer becomes

useless.

They would generally be graduated by comparison with

standard thermometers of mercury or hydrogen gas, but to carry

the graduation correctly below those of the standard thermo-

meter the laws of the expansion of alcohol must be applied.

If x is the temperature in Fahrenheit's degrees, positive

or negative, then the volume being unity at the freezing tempe-
rature of water, we have

718-33086
the volume of alcohol = '3538069 +

1143-635 -x

which will be accurate in the third and perhaps in the fourth

place of decimals, if of the same purity as that of M. J. Is.

Pierre.

In the same manner the formula for the volume of ethyl

chloride in terms of Fahrenheit's degrees (x) becomes

21 VQ514
the volume of ethyl chloride = '592869 + egl

*
.

551*4168 x

For the volume of liquid nitrous acid the formula becomes
GQQ-1 QQQ

the volume of liquid nitrous acid = '057963 + o.Qori _ '

142
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For the volume of liquid sulphurous anhydride the formula

becomes

the volume of liquid sulphurous anhydride

530227.
180 '007

+
470-2154-"

For the volume of aldehyde the formula becomes

OAO'l QQ*T

the volume of aldehyde = '5688698 +
KQO^QQQTI^

'

For the volume of ether (sulphuric) the formula becomes

767-3269
the volume of ether = 1969908 +

987-5637 - x
'

For the volume of turpentine (essential oil) the formula

becomes

1300'0077
the volume of oil turpentine

= 1833844 4-
Tj^QTqTgfi _

From these formulae it would be easy to construct accurate

thermometers of any of the liquids, within the limits in which

they retain the liquid state, when the bulbs and tubes had been

accurately measured and graduated.

On the experimental values of the specific heats of solids,

liquids, and gases.

At page 194, the scientific definition of the specific heat of

bodies is discussed. In the elementary treatise, page 95, the

method of finding the specific heat of bodies by immersion in

water was explained, and a table of specific heats of some metals

for equal weights, and of sulphur and flint glass is given at

page 97. That method of immersion is easy to perform, and

when the proper precautions to avoid loss of heat and to allow

for the effects of the vessels in which the immersion in water is

made, and also by using considerable weights of the solids such

as one pound, is very accurate as far as the third place of signi-

ficant figures, and this is as much as we generally wish to

know.

When we have obtained the specific heats for equal weights
and that of water is taken unity, we have only to multiply the
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number so found by the specific gravity of the solid or fluid,

with the specific gravity of water taken unity, to obtain the

specific heat of the solid (or fluid) for equal bulks of that body
and water

;
since the specific gravity of the solid or fluid is the

weight of a volume equal to that of water taken as unity.

To apply these considerations to the results given in the

table, page 97, we see that of all the substances there given, the

specific heat of water is the greatest both for equal weights and

equal volumes, and water contains more caloric than any of the

other substances at any given temperature for which the

protoxide of hydrogen can exist as a liquid.

For wrought iron the specific heat for equal bulks is

'114 x 7*8 = '8892, or in equal bulks iron contains nearly T%ths
the caloric which water does.

The table following contains the specific heats for equal

volumes of some substances.

Substance
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The increase is so small that the method of finding the

specific heats of solids by immersion in water will not be sensibly

affected by it.

He assumes Q = the quantity of heat necessary to raise a

unit of mass of the liquid from 0C. to TC. and that A, B, and

C, being coefficients to be determined from three experimental
results we have

which is the specific heat of the liquid at the temperature jPC.,

and when the mass is unity, then A is the " chaleur specifique

elementaire," or specific heat of the liquid at the freezing tem-

perature of water when T = 0. For water A =
I, and the

formula is

specific heat of water = 1 . + 0'00004T+ O'OOOOOOOT2
.

The table below gives the specific heats of some liquids at

0C. and at their boiling temperatures.

Liquid
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required to raise the body to the given .temperature if no expan-
sion of volume took place, and secondly the heat required to

produce the change in volume.

On the specific heats of the gases.

The difficult investigation of the specific heats of the gases

and vapours received great attention from M. Regnault, who

employed instruments of improved forms with great precautions

in avoiding errors of experiment.

The specific heats of the vapours are still more difficult to

obtain correctly than those of the gases, and M. Regnault's

result for steam differs greatly from that of MM. Delaroche

and Berard, whose instruments were much inferior to those

which he employed. In the easier cases of the gases their

results do not differ more than might be expected from the

superior methods of M. Regnault used in a difficult investigation.

This will be seen on comparing the table at page 98, Part L,

with those below.

M. Regnault employed for high temperatures vessels of oil

heated by spirit or gas flames, and having through them spiral

tubes through which the gas was passed with a velocity as

uniform as possible, thermometers and agitators being applied

to secure uniform temperature and note its amount. This

heated gas was made to pass without change of temperature as

far as possible into and through another spiral tube contained

within a vessel of water, used as a calorimeter. Sometimes

a series of hollow flat discs, with guiding spirals in their interior,

was used instead of the spiral tubes in the calorimeter of water.

The amount of heat communicated to the water of the calori-

meter being found by means of its thermometer, and the

quantity of gas which had passed through it being known, the

specific heat of the gas was determined.

For low temperatures like methods were employed with cold

artificially produced.

For atmospheric air for equal weights, and the specific heat

of water = 1, the specific heat between 30C. and + 10C. was

found to be '23771.
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the mean between 0C. and 100 C. was found to be -23741,

the mean between 0C. and 200C. was found to be '23755.

From these it appears that, unlike the solids and liquids,

the specific heat of atmospheric air does not change sensibly

with the temperature as measured by the air thermometers.

For carbonic anhydride gas the result was otherwise, and for

this gas the law of Boyle and Marriotte fails in strict accuracy
at even moderate pressures.

For carbonic anhydride, for equal weights, and that of water

= 1.

the mean specific heat between 30C. and +10C. was found

to be -18427,

the mean specific heat between + 10C. and 100C. was found

to be -20246,

the mean specific heat between +10C. and 210 C. was found

to be -21629.

The following table is formed from M. Regnault's results :

The gas
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on its weight, and that it does not vary sensibly with its density

for the same weight. When we remember the phenomena of

the fire-syringe and of the sudden expansion and condensation

of air as stated at page 194, we must conclude that his method

of experiments gave only the statical result, and that in rapid

changes of the density of air the capacity for heat and the

temperature undergo changes through some small interval of

time, but that M. Kegnault's experiments do not comprehend
these changing phenomena.

Trying experiments with air from 1 to 12*4 atmospheres he

found the ratio of the specific heats
(-p-\

from 11009 to 11308.

In experiments with hydrogen gas from 1 to 9 atmospheres

pressure, there was no sensible change of specific heat.

In the experiments with carbonic anhydride the results

were not very accordant, but there was no certain change.

M. Regnault tried many experiments with mixed gases, of

which the results are given at vol. 2, page 310, and forwards.

On the specific heats of the vapours.

This subject is a very difficult one. M. Regnault shows

(vol. 2, page 163) that we have to find

1st. The quantity of heat which the vapour gives out before

liquefaction by cooling it.

2nd. The heat given out in the change of state from vapour
to liquid, called the latent heat of vaporization.

3rd. The heat given out by the liquid between the tempe-
rature of condensation or liquefaction, and that of the calori-

meter.

There are consequently many causes of error, and the vapour

requires to be very super-heated.

The experiments were made with a heating vessel (chaudiere)

containing heated oil with a spiral tube inside, through which

the vapour passed, and then through a calorimeter of flat boxes
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or discs, with guiding spirals inside them, which were immersed

in water as used for the gases.

For steam the first series of experiments were made with

the oil bath at 110C. to 120C.; the second series with the

temperatures 250 C. to 300 C. In the third series a large

calorimeter was employed, and in the fourth series a different

heating bath or boiler was used.

Neglecting the least reliable experiments he found

the specific heat of steam to be '48051,

the specific heat of vapour of ether to be '479G6,

the specific heat of vapour of alcohol to be '45341.

From his experimental results we have the following table :

Name of liquid
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He found that the law of Dulong and Petit, that the product
of the atomic weight and specific heat, which is approximately
constant for simple solids, does not hold for liquids ;

as shown by
the results which he gives. If he had found any simple law for

liquids he would have increased his comparisons, but (page 295)
he concludes that there are other properties involved which

have not yet been discovered.

On the specific heats of the compound gases.

M. Regnault found the following properties of the compound

gases. Gases combining in equal volumes without condensation,

as nitrous gas, carbonic anhydride, hydrochloric acid gas, fulfil

the law of specific heats, equal for equal volumes nearly, and the

same as for the simple gases, or between '233 and '244 when

water is 1, and they are subject to Boyle's or Marriotte's law

very nearly.

Gases composed of one volume of one gas, and two volumes

of another, condensed into two volumes, as carbonic anhydride,
nitrous oxide, steam, sulphurous anhydride, sulphuretted hydro-

gen, carbon bisulphide, have their specific heats varying from

2857 to '4122, and they do not fulfil Boyle's laws.

In a table of nineteen kinds of more complicated gases, they
have specific heats for equal volumes varying from '4160 to

2'3776. M. Regnault remarks that they present numerous

anomalies in regard to the hypothetical law.

Taking the specific heats of the five simple gases, he ex-

amines if their atoms take their capacities for caloric with them

into their combinations, so that the specific heat of the compound
atoms equals the sum of those of its components. He concludes

that only the prot- and deut-oxide of nitrogen agree with this,

and that steam, ammonia, hydrochloric acid are far wide of it.

In a table of fourteen compound gases and vapours, the

specific heat calculated from the law is always more than the

experimental specific heat.

For bodies in different states we have the following results.
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Protoxide of hydrogen or water.

Solid (ice) from- 78 C. to 0C. specific heat = '4740

-20C. to 0C. = -5040

liquid (water) at + 10C. = 1

fromlOC.tolOOC. =1

vapour (steam) from 128 C. to 220C.,, = '4805.

Bromine.

Solid from -77C. to - 250., specific heat = '0883

liquid from -7'3C. to + 10 C. =1060
+ 13"C. to +58C. =1129

vapour + 83C. to 228C. ='0555.

Alcohol.

liquid at - 20 C. specific heat = '5053

,,
0C. ='5475

+20C. ,. ='5951

40C. ='6479

60C. =.7060

80C. =7694

vapour from 105C. to 220C. ='4534.

He gives at page 329, vol. 2, the results for 17 other sub-

stances.

He remarks that ' the specific heat for equal weights of the

gaseous body is weaker than that of the liquid body ; especially

when we consider the temperature, and in some cases may be

only a small fraction of it and less than half.'

On the elastic force of vapours.

The subject of the elastic force of steam at different tempe-
ratures is of so much importance in the theory of the steam-

engine, that extensive series of experiments have been tried at

various times from those of Watt in 1774 to those of Regnault
in 1844, and several formulae have been proposed to express the

elastic force or pressure of the steam in terms of the height of

the column of mercury which it would support, at given tempe-
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ratures. Some of these formulae are exponential or logarithmic,

and can only be considered as interpolation formulae.

Mr Tredgold, in his treatise on the steam-engine, gives

various formulae which have been proposed, and finds the

formula p = (

J
, but we must not expect any to represent

the elastic force of steam at different temperatures more nearly
than that of Mr Alexander, published in Silliman's American

Journal of Science for September, 1848, which is very near that

of Mr Tredgold, and is given at page 102 of the elementary
treatise of this work. He argues conclusively, that the results

given by the formula agreeing with the results obtained by the

different experimenters as closely as they agree with each other,

through the long series of temperatures from 27'112 Fahren-

heit to 435'227 Fahrenheit, it must be received as the true

mathematical formula for the relations of the elastic force and

temperature of steam or aqueous vapour in contact with the

water from wrhich it arises, or in the state of saturation.

The author wishing to test the general applicability of Mr
Alexander's formula to the elastic force of the vapours of the

different liquids, he took five of those employed in M. Kegnault's

experiments for this purpose. He found the accordance as close

as could be expected, and giving reason to consider the formula

as expressing a physical law of the connexion of the elastic force

of the vapours generally with the temperature, when in a state

of saturation.

When the vapours are super-heated after removal from the

liquids they arise from, it will be remembered that they have

the properties of the gases.

Mr Alexander's formula is

where p is the elastic force of the vapour expressed in terms of

the height of the column of mercury which it will support,

f the degrees of the thermometer which is employed, and a and

6 constants whose values depend on the scales employed in

measuring p and t*.

* See Phil Mag. for February, 1865.
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When p is measured in inches of the column of mercury, and

in Fahrenheit's degrees, the following are the formulae for six

of the more common liquids.

For steam, vapour of water (Mr Alexander's formula in

decimals)

p = ('5840708 + -005555555* )

6
.

For vapour of alcohol

p = (-691898 + -0062SS5O
6

.

For vapour of ether

p = (1-210775 + -00564785* )

6
.

For vapour of carbon bisulphide

p= (1141374 + '005245224)
c
.

For vapour of ethyl chloride

p = (1-441730 + -005681901* )

6
.

For vapour of oil of turpentine

p = (-4734178 + -00396796* )

6
.

Fresh researches would probably lead to small modifications

of the values of the constants in the above formulae, for the

index being to the sixth power the values of t require to be

ascertained to great accuracy in the experiments.

The quantity of caloric which was required to convert water

at the boiling point into steam at the same temperature, has

been the subject of many experiments. Dr Black, its first

investigator, called this caloric, latent heat.

On the latent heat of steam, the vapour of water, in contact

with the water from which it arises or in the state of saturation.

The temperatures and pressures being connected by the law

p = (a + fo)
6

= (-5840708 + -005555555* )
6
.

Dr Black concluded from his experiments that to convert

water at 212 F. into steam at the same temperature required as
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much heat as would have raised the temperature of the water

810 F. This was afterwards found to be considerably less than

the actual quantity required. Mr Watt found the amount to

be about 950 F., which has been confirmed approximately by

many other experimenters. Sir John Herschel, in his treatise

on Heat, page 322, gives the following.

" Thus we have the latent heats of steam as follows :

Watt 950.

Southern 945.

Lavoisier 1000.

Rumford 1040'8.

Ure 967."

Mr Southern concluded from his experiments that the latent

heat of steam in a state of saturation was the same at all

temperatures, having obtained the following results :

Temperature
of steam
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ABC and escape into the air at C, and its temperature whilst

passing through the bulb B will be shown by the thermometer

ab. When the temperature and velocity of issuing of the steam

have become uniform and it appears perfectly transparent as it

issues from C*, let a tall vessel, as DE, fig. 99, containing cold

water to some height, as cd, be suddenly raised under the exit

pipe so as to receive the issuing steam. The steam will be

immediately condensed into water as it enters the cold water

of which it will continue to raise the temperature until it

approaches the boiling point, when the vessel DE must be

rapidly withdrawn and the temperature of the water in it

determined.

Now the vessel DE and its contained cold water being

weighed before being raised under the pipe ABC and weighed

again after it is removed, the increase of weight is the weight

of the steam which has been condensed. Let this equal w.

Let the weight before the experiment of the cold water in DE
(with an allowance for the containing vessel and portion of the

pipe BC which is immersed, as determined experimentally)

be W. Let the temperature of the steam as given by the

thermometer ab be t, and the temperature at the end of the

experiment of the water in DE be t'. Let T* be the tempera-

ture of the cold water at the commencement. Let Q be the

latent heat of the steam. Then we have at the commencement

the whole heat in both the steam and cold water

and if no loss has been sustained it is the same at the end of

the experiment and

W (t'-T)-w(t*-r)
v "

w

With steam at other temperatures than that due to the

pressure of the atmosphere other forms of the experiment are

required, and the calorimeter or cold-water vessel has generally

had a spiral tube within it, the best form perhaps being that of

* A cork with lateral holes through it may be put on the end of the tube at

C to spread the steam in small jets at its exit.
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Dr Andrews, which he used to find the latent heats of the

vapours of many liquids*.

Mr Watt thought that the sum of the latent heat and

sensible heat in the steam was a constant quantity or that the

sum (Q + of the above described experiment was equal to

(Q'
Q + ^)> where

t
was the temperature of saturation under

different degrees of elastic force or pressure and Q' the latent

heat corresponding to it.

M. Regnault by more complete and accurate methods found

the formula

\ = 606-5 + -305 T,

where X is the whole heat in centigrade degrees and T the

temperature by the centigrade thermometer.

In order to show that this is in centigrade degrees we may
write it as follows:

To convert it into Fahrenheit's degrees above the freezing

point of water, we have

and the formula becomes for the whole heat

X F. = 606-5 x | F. + {-305 (t F. - 32 F.)

= (10917 - 976) F. + -305 F.

When F. = 212 at the boiling point under atmospheric

pressure and 180 F. above the freezing point, we have the

latent heat

QF. = A F. - 180 F. = 901 "94 F + "305 x 212 F.

= (901 -94 + 64 -66) F.

= 966'6F.

which is very near the amount found by Mr Watt and Dr Ure.

Mr Watt's law is however not accurately confirmed by the

above formula of M. Regnault.

* See the Quarterly Journal of the Chemical Society, Vol. i. p. 27.

P. H. 15
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In M. Regnault's experiments the extremes were 6350i
6 and

638 *4 and the general mean value of X (la chaleur totale) was

636 "67, or in Fahrenheit's degrees

QF. = (XC. - 100)f = (636-67
-
100)f

= 966 -OF.

nearly the same as given by the formula.

If it were required to find the latent heat of steam of given

elastic force expressed in inches of mercury, we might sub-

stitute for its value from the formula

or *=

EXAMPLE 1. To find the latent heat of steam in a state of

saturation, when its elastic force will support a column of 5

inches of mercury.

As will be seen in the table further on, the temperature

will be 130'25 and the volume 8681*72,

.-. XF. = 1081-94 + -305 *F.

= 1081-94 + -305 x 130-25

= 1121-66

= whole heat in the steam.

And QF. = XF. - (130'25
- 32)

= 1121-66-98-25

= 1023'41

= latent heat of the saturated steam,

which is greater than 966 '6 F. the value of QF. at 212.

Ex. 2. To find the latent heat of steam in a state of satura-

tion, when its elastic force will support a column of 120 inches

of mercury.

From the table the temperature will be 294 '63 and the

volume 435-77.

.-. XF. = 1081-94 + -305 x294-63

= 1171'80

= the whole heat in the steam.
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And QF. = 1171-80 - 262-63

- 90917
= the latent heat,

which is now less than 966'6 F. the latent heat at 212.

On the density of steam in the state of saturation, or on the

volume produced from a unit of volume of water, at different

temperatures, when in a state of saturation.

This subject is of the first importance in the theory of the

steam engine. In the earlier experiments with high pressure

steam, it seemed paradoxical that any given weight of it raised

the temperature of a given weight of cold water by being con-

densed in it, to the same amount as the same weight of low

pressure steam did. The weights of the steam in the two cases

would be the same as that of the water from which they were

generated, but the volumes in saturation different. The same

weight of water producing a smaller volume of high pressure

steam and a larger volume of low pressure steam, or the density
of steam in saturation increases with its elastic force. The law

of the relation of the density (or reciprocal of the volume) to

the pressure (or elastic force) could only be determined by

experiments, which on trial showed that the density was very

nearly proportional to the pressure in steam in a state of

saturation. This is like the law of Boyle (or Mariotte) for

gases, and the cases were so dissimilar that it seemed improbable.
It however has been found a close approximation within the

ordinary ranges, by the most perfect and accurate experiments
which have been made

; namely, by those made by Sir W.
Fairbairn and Mr Tate*.

The experiments are perhaps amongst the most difficult

which can be undertaken when exact results are required,

because the volume of the saturated steam, its temperature, and

the weight of the water which has produced it, must be known
with great accuracy.

* See Phil. Trans, for I860.

152
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The following illustration is given in their paper.

Let A and B in the fig. 100 be two hollow globes of glass of

nearly the same capacity connected by a bent tube containing

mercury in its lower part as acb.

Before the globes are closed by the blowpipe, let 30 grains

of water be placed in the globe A, and 20 grains in the globe B.

If the apparatus be now placed in a vessel CDEF of oil or

solution of some salt which can be raised to a high temperature

before it boils
; by placing lamp or gas flames under the vessel

CDEF of the fig. 100 its temperature can be raised and ascer-

tained by the thermometers placed in the liquid; and it is

found that the extremities a and b of the mercury remain

stationary as the temperature rises, as long as water remains

above a and b on both sides, but the globes having nearly the

same capacity, the one having 20 grains of water has it all con-

verted into saturated steam before all that in the other, which

contains 30 grains, is so. After all the water in B has been

converted into steam the conditions of the globes differ as the

temperature is still raised
;

the globe A contains saturated

steam because there is still a supply of water unconverted, but

the other has its contained vapour subject to the laws of elastic

fluids only, and with increased temperature affords less elastic

force or pressure than the saturated steam of the globe A
;

consequently the mercury acb in the tube has different pressures

at its two extremities and so commences movement, and the

end a falling the end b rises. The commencement of this motion

is when the temperature has risen so high that the whole of the

water in B is converted into steam, and then the temperature,

weight of water, and volume of saturated steam being known,
the data for one weight of water are determined. By putting
different weights of water in B a series of results would be

determined, but in practice it was found necessary to modify
the experiment since the glass globes would only sustain a very
moderate outward pressure from their contained steam, without

bursting.

The method of trying the experiment, with all the pre-
cautions required, is fully detailed in the paper referred to, but
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is too long to insert here. Their results and formula must be

considered as superseding all former ones.

The following is from page 190 of their paper: "The results

of the experiments show, first, that the density of saturated

steam at all temperatures above as well as below 212, is in-

variably greater than that which is derived from the gaseous
laws

; second, that the law of expansion of a perfectly elastic

fluid does not hold strictly true for saturated steam. At the

maximum temperature of saturation, and for some degrees above

it, the rate of expansion of the steam greatly exceeds that of a

perfect gas."

Let the unit of volume be the volume of the water at its

maximum density or at the temperature 39 '1, V the volume

of the saturated steam produced from it under the pressure P
in inches of mercury, then the results of the experiments accord

very closely with this formula

F= 25-62 + ^^+P + 72'

or (F- 25 62)(P + 72) = 49513 = (222-515)
2
.

On comparing this with the equation of the rectangular

hyperbola referred to its asymptotes as axes of coordinates,

or to

xy = m\

we may put x = P + 72 and shall then have y = V 25'62, and

m =4953 = 222-515.

In Boyle's law for gases, taking P and V as before, and p
the density, we have P = Kp ; and for other values P', V, p' we
have P' = Kp' ;

- = - or P VP' V' P p~~ V
then if any corresponding values P' and V are known the

formula gives the product P . V a known quantity.

Applying this to saturated steam, at the ordinary boiling

point under atmospheric pressure, we have P' = 30 inches of

mercury, and V = 1669 according to Dumas, = 1696 according
to Dr Ure.
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According to Fairbairn and Tate's more accurate experi-

ments it is V = 1637*32, so that generally we have

P. V= 30x1637-32

= 49119-6

=
(221-63)

2

and comparing with

(P+ 72) (V- 25-62) = (222-51 5)
2

,

we see that the results which it gives will be fair first approxi-

mations to the true values of P and V, consequently in discuss-

ing the theory of the steam engine, where the entrance of the

saturated steam coming from the boiler is cut off from the

cylinder at a fractional part of the stroke of the piston, and

then allowed to expand by its elastic force, we may use the

approximate formula for the pressure when the steam is of any

given volume, and so find its mechanical effects; provided it

remains in the state of saturation. M. Pambour paid especial

attention to this point, and concluded from his experiments that

the steam in the cylinder of the locomotive engine may be

considered to be always in the state of saturation although

expanding in volume, so that the formula for the relations

of the pressure and volume may be used. The reason for the

steam remaining in the state of saturation may arise from the

piston and cylinder being always heated whilst the engine is

working, and the successive strokes of the piston, each occupy

generally only a small interval of time.

The annexed table gives the relations of the pressure, tem-

perature and volume of saturated steam produced from a unit

of volume of water at 390<
1 F. by using the formula of Alexander

for the relations of the temperature and pressure, namely,

and for the relation of the volumes and pressures the formula

of Fairbairn and Tate, namely

The table, it Avill be seen, ranges from one-sixth of an atmo-

sphere to four atmospheres pressures.
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Elastic force or

pressure in inches
of mercury
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for moving the valves, from the couplings, steps, centers, &c.

before the power produced is available for economical uses.

These accumulate to a considerable unproductive result of resist-

ance to the motive power.

In the condensing engine there are sources of loss of power
which do not exist in the high pressure engine, such as the

power required to work the air-pump, which pumps the con-

densed steam, the injected water and the air from the condenser,

and the power required to work the cold water pump to procure

the requisite supply of cold condensing water. There is an

expenditure of power both in the high and low pressure engines,

in the forcing pump of the former, and the hot water purnp
of the latter which leads to the feed pipe, to keep the boiler

supplied with water, and so to compensate for the water passing
off in the form of steam through the induction or steam pipe of

the engine. The loss of power by the want of free passage of

the steam through the pipes and valves, and the economy of

power by using the steam expansively in the cylinder are com-

plications in the theory which must be taken into account before^

the practical and theoretical results can be expected to coincide.

Other things remaining the same, simplicity of plan and accuracy
of workmanship of the various parts of the engine will tend

to economy in the consumption of fuel. The method in which

the combustion of the fuel takes place and the utilization of the

heat produced so as to procure the greatest amount of steam of

given pressure from the same amount of fuel, are points of great

importance. The hotter the water supplied to the boiler and

the cooler the smoke passing up in the chimney, the better the

arrangements of the engine will be, and in these directions there

is a great room for improvement.

The theory must in the first instance show the whole amount
of economic force which can be procured from a given amount
of steam of given elastic force used in a particular engine at

high or low pressure, or high pressure with condensation, and

the expenditure of the force in overcoming friction, adhesion

and in the deteriorating the machinery, must class with the

work done, although not only unproductive, but causing an

actual loss.
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The work performed can be always compared with the

weight of a body raised vertically through a certain space, and

thus in English measures it is convenient to call the unit of

work done, the raising of one pound weight through a space of

one foot in height.

The efficiency of the source of power is measured by the

number of these units of work performed in a certain time, such

as one second, one minute, or one day.

It is often convenient to measure the power of various

engines in horse powers, in which the unit of horse power is

that which will raise thirty-three thousand pounds weight

vertically through one foot in a minute, or five hundred and

fifty pounds through one foot in a second.

This latter measure corresponds with our measure of the

falling of bodies through spaces in one second, and may be con-

venient to remember.

Recurring to our dynamical definition
; velocity when con-

stant is measured by the space passed over in a unit of time

or generally by the limit of the quotient of the increment of

the space described divided by the corresponding increment of

the time of motion.

An accelerating force is measured when constant by the

velocity it generates in a body in a unit of time, or generally

by the limit of the quotient of the increment of the velocity it

produces divided by that of the time in which it is produced.

Momentum is mass moved multiplied by the velocity.

Vis viva is mass moved multiplied by the velocity squared.

A moving force is defined to be the mass moved multiplied

by the accelerating force.

By the third law of motion when pressure produces motion

direct!}^, the moving force is proportional to the pressure which

causes motion in a body.

By taking our units of measure in accordance, we may put

pressure producing motion = moving force acting on the body :

and therefore

pressure
accelerating force = -

-,

.

mass moved
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Let p = pressure exerted,

t the time,

v = the velocity generated in the time t,

m = the mass moved,

s = the space moved through,

f= the accelerating force.

We have by dynamics for constant accelerating forces,

therefore m . v* = 2mfs = 2ps,

and the work done = pressure x space through which it acts

=p .s= Jra. v
2

,

which equals half the vis viva generated in the body by the

pressure p acting through the space s.

This is the work accumulated in a moving mass or body and

it must be utilized when machinery is employed economically.

For instance, the vis viva generated during each stroke of the

piston of the engine, in the piston itself, the piston rod, the

main beam, connecting rod, crank, crank shaft, fly wheel, &c., in

the double acting engine used in manufactures, should be

exhausted in performing useful work, that is in moving the

manufacturing machinery.

PROP. PROS. To discuss the theory of the steam engine

when the steam is used expansively.

Let ABCD represent the cylinder of a steam engine in

figure 101, F the place of the piston at any instant, and EF
the distance from the base = 5; let BC = AD = 1 = the length
of the cylinder or rather of the utmost length of the stroke of

the piston. Let a = radius of the cylinder, and A = area of the

surface of the piston F, then

A = Tra*.

Let p be the pressure of the steam on a unit of area after

entering the cylinder at its base; the weight of the piston,
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piston-rod, &c., being considered as counterpoised, we have the

whole upward pressure on the under surface of the piston =pA.

Let h = height to which the piston is raised at any time.

We have the work performed by the pressure =pA h, and if

the entrance of the steam is now cut off and it suffers no loss

of heat and also is always in a state of saturation, so that the

approximate law P. F= constant, as before found, may be

used, we have the elastic force inversely proportional to the

volume, and ifp is the pressure when EF=s, we have

p h , h
*-= - or _p =p-,
p s

r
s

and the work done in the space ds is

A ' 7 A l̂ 7

Ap . ds Ap -
. ds.

The whole work performed by the steam whilst acting

expansively is

Aph loge s + C,

taking this between the limits s = h and s = I, we have the work

done by the expansion

adding this to the work done before the entrance of the steam

was cut off, we have the whole work done during one stroke of

the piston by the steam

The average pressure on a unit of area during the stroke of

the piston is called the load, let this equal L, we have



2'6 ON HEAT.

If k = I, we have L p }
and this is the greatest value of the

load, or when the steam is used at full pressure during the whole

stroke, or without expansion, producing the greatest amount

of work, but with large expenditure of steam, and the value of

this work is Ap . I.

When the whole work which the engine is capable of pro-

ducing is not required, then the cutting off the steam supply

can be used advantageously, and if - th of the full power is only

required, we have

Apl

l_

h'

or 1 + loj

which is a transcendental equation for determining h in terms

of n and I, which can be solved by looking into a table of

hyperbolic logarithms, approximately.

Let
y
= x, we have to find x from the equation

If half the full power of the engine only is required, then

=2 and # = 5*36 nearly, or the steam may be cut off at

between th and Jth part of the full stroke of the piston.

When only Jrd part of the full power of the engine is

required, then putting n = 3, we have

x 9*87 nearty,

or the steam may be cut off at -^th nearly of the full stroke.

The above discussion gives only the work done by the steam

on one face of the piston, in the return stroke it will be the

same on the opposite face if we neglect the volume of the

piston rod in the double acting engine.
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In opposition to the steam pressure there is always a

pressure on the opposite face of the piston, which in the high

pressure engine is the atmospheric pressure, say nearly 15

pounds on every square inch; and in the condensing engine

it is the pressure from the uncondensed steam and from the

uncondensible air rising from the water in boiling
* which is

not removed from the condenser on account of the imperfection

of the air-pump of the engine.

These disadvantages may vary very greatly with the state

of the engine, and may be 3, 4, 5 or more pounds per square
inch. As these are constant resisting pressures, let q be the

value per square inch in any instance. Then the whole re-

sistance during one stroke of the piston is Aql, and the load per

square inch being L, we have the effective work performed in

one stroke of the piston equal to

Al(L-q).

From this must be deducted the friction in the various

working parts of the engine which acts as a retarding pressure

before the force developed is available for economic uses, and

which differs as alternating motion, such as in pumping, or

rotatory motion as in manufactures, is required. It also differs

with the size of the engine, being less per square inch of the

surface of the piston, as the engines are larger. It differs also

with the state and kind of packing used to keep the piston and

other sliding parts steam tight, and as metallic rings or greased
tow form the packing, also it varies with the state of wear of

the surfaces, so that only average but uncertain values can be

assumed.

Let the coefficient of this friction or adhesion be K for each

unit of area, then the economic force developed is

A{l(L-q)- Kl}.

To find the horse-power of an engine we must know the

rate at which the engine is working or the number of strokes

the piston makes per minute. If the number of strokes of the

piston be M, and if the length of each I is given in feet, we

* See the elementary treatise, p. 115.
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have Ml the space in feet passed through by the piston in each

minute, and the work performed is

MAl(L-q-K).
As before defined the horse-power being measured in units

of 33000 pounds weight raised a foot in height in a minute,

we have

... MAl(L-q-K)the horse-power of the engine = Jl -
.

We may compare this with the formula adopted by the

Admiralty and accepted by the engine makers for the nominal

horse-power of the condensing engines made for the govern-

ment, as follows :

Horse-power nominal

= area of cylinder x feet per minute x AooOOO

= AMIX
33000'

If in the expression before found we take, with M. Pambour,

q
= four pounds per square inch of the area of the piston on an

average ;
and suppose K = 1 pound per square inch plus one-

eighth of the load = 1 + whilst working ;
also that the pres-

sure of the steam in the boiler may be 15 to 16 pounds per

square inch but becomes only 14 pounds when it enters the

cylinder, we have the equation as follows :

MAl(L-q-K]Ihe horse-power of the engine
= -

QQ
*

ooUUU

33000

33000

7 '25

33000'

which is nearly the Admiralty rule.
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With high pressure steam and good condensation, the

engines work far beyond this estimate of their power*.

M. Pambour's principles for the effects of steam engines are

as follows.

First, that the engine having attained uniform motion, there

is necessarily an equilibrium between the pressure of the steam

in the cylinder and the resistance against the piston, that is

P = &,

R being the whole resistance against the piston and p the

pressure of the steam.

Secondly, that there is necessarily an equality between the

production of the steam and its expenditure.

Also that the quantity R is made up as follows :

R = useful load + friction from the load -I- friction at rest

-f resistance from imperfect condensation.

The duty of an engine is the amount of work yielded by
that engine from the combustion of a given quantity of coals,

a bushel or hundredweight for instance, and is therefore the

measure of cost with respect to fuel. The avoidance of all

unnecessary waste of steam, in the construction of the engine
and of the heat of the fire in its action on the boiler and con-

tained water, are serious matters for the study of the scientific

engineer.

At the beginning and end of each stroke of the piston there

is necessarily some space called the clearance to be filled with

steam at each stroke, but which is ineffective in work and so far

a loss. The way in which the valves of the induction and
eduction pipes are applied, may of course considerably affect

the amount of loss of steam by clearance and the utilization of

the heat of the gases in the chimney to the purpose of raising
the water which is to be supplied to the boiler, to the boiling

point before its entrance into the boiler, are questions for serious

study in the economy of fuel.

* See Harm, On the Steam Engine; Harm and Geners, The Steam Engine

for Practical Men; Pambour, Theorie de la Machine a vapeur, &c.
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When the machines which have to perform the work are

situated at a considerable distance from the steam boiler, it has

been found advantageous to have small steam engines near the

working machines with the steam and vacuum pipes brought to

them
;
rather than to have a large steam engine for a whole

manufactory, and the power carried from it by means of heavy

shafting and spur wheels to the working machines.

Water and other liquids have the property of taking a

spheroidal form and evaporating slowly when projected upon

very hot surfaces, but when the heat of the surface falls below

a certain temperature (about 350 F. for water), the liquid flashes

off suddenly and explosively into vapour. This rapid produc-

tion of steam at certain temperatures is of the first importance
in the working of steam engines. When locomotive engines

were required for railways, it was thought by many who were

well acquainted with the use of the old stationary engines, that

the supply of steam could not be produced sufficiently rapidly

by any boiler which could be adopted to locomotion. Messrs

George and Robert Stephenson were however aware of the

properties of the steam jet passing into the chimney, for pro-

curing the increased draught of air through the fire place

which was required, and the efficiency of the tubular boilers

for procuring steam. By these means they obtained the fulfil-

ment of M. Pambour's second condition, that the supply and

expenditure of steam must be equal when the engine is working

steadily.

The supply of water to the boiler is produced differently in

the high and low pressure steam engines. In the high pressure

engines the water is forced into the boiler by a forcing pump in

opposition to the high pressure of the steam, but in the low

pressure engines the required supply of water passes into the

boiler through the feed pipe on the opening of a valve, caused

by the descent of the stone weight inside the boiler, which is

connected by a wire rod passing through a stuffing box in the

upper part of the boiler and fastened or tied to a chain or cord

passing over a pully with a counterpoise at the further end.

The counterpoising weight outside the boiler is such as to keep
the stone inside it up to the surface of the water

;
so that as
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the surface of the water sinks through its conversion into steam,

the stone descending opens the valve of the feed pipe and a

fresh supply of water passes into the boiler.

As the low-pressure engines would seldom have the steam

in the boiler of more than half an atmosphere pressure beyond
that of the air outside, or that the elastic force of the contained

steam would be seldom more than an atmosphere and a half,

therefore the feed pipe need not be made higher than about

16 feet above the top of the boiler and descending to near the

bottom of it, the water barometer having a height of 34 feet on

the average. By these means the boiler becomes self-regulating,

as the small cistern at the summit of the feed pipe is always

kept filled by means of the hot water pump of the engine.

In this manner every cubic inch of water passing into the

boiler furnishes nearly a cubic foot of steam (1728 cubic inches),

or more nearly 1637 cubic inches if of atmospheric pressure,

according to Fairbairn and Tate's experiments. A small power
is thus only expended in working the hot water pump to lift

the water coming from the condenser to the cistern at the top
of the feed pipe, in order to furnish the necessary supply

required to compensate for what has passed off in the form of

steam.

In the high-pressure engine more force would be required
to inject the required water into the boiler, and the volume of

steam furnished by it would be given by the law

F= 25-62

for each unit of volume of water, from Fairbairn and Tate's

experiments. This gives 438 cubic inches of steam nearly from

one cubic inch of water at a pressure (including that of the

atmosphere) of 60 pounds on the square inch. The disad-

vantages of the high-pressure engine without condensation,

being in some measure compensated by the simplicity of its

construction and avoidance of much loss of power, whilst at the

same time the steam is used expansively.

It has been surmised that other liquids which furnish

vapours of great elastic force at lower temperatures than water,

P. H. 16
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might be used (with condensation to recover the liquid) very

advantageously, but there must be a combination of many good

qualities in order to render such liquids superior to water for

condensing engines ;
and their use in high- pressure engines is

forbidden by the expense of the liquid at the outset. It is

not that such liquids as ether and carbon bisulphide, whose

boiling points are very low, or the temperatures when their

vapours acquire the elastic force of the atmospheric air are low,

would be economical liquids for vapour engines from this

property solely, because the expenditure of fuel depends on the

caloric which is required to vaporize the liquid, or on the

latent heat of vaporization of the liquid, as well as on the

volume of the vapour. The increased difficulty of re-condensa-

tion to the liquid state and the unavoidable loss of such liquids

in the most perfect engines would be serious objections.

On the Hot Air Engine.

The hot air engine differs essentially from both the high
and low-pressure steam-engines, since air must be supplied to

the heating reservoir, which takes the place of the boiler of the

steam-engines, by forcing into it the same quantity as that

which passes out to the working cylinder at each stroke of the

piston, and this also against the pressure of the heated air

within it.

Taking the approximate formula

p=p, (!+<*),

where pl
is the elastic force or pressure of the external air,

p the pressure at f Fahrenheit of higher temperature, when

kept to the same density, and a equal to ^j approximately ;

then the second law of M. Pambour applies as in the steam-

engines, namely, that the supply of air to the heating reservoir

must equal the expenditure from it, when the engine is working

steadily.

An injecting or forcing air-pump must supply the air to the

reservoir, and a cylinder with piston and valves like that of the

high-pressure steam-engine must form the working part of the
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engine, to produce the reciprocating motion from which rota-

tory motion is to be obtained.

Suppose the injection pump A, the heating reservoir with

small tubes through it B, and the working cylinder G, to be all

cylindrical, placed with their axes horizontal, and seen endwise

as in figure 102, and looking down upon them to be seen in

their central sections as in figure 103.

The injection pump A, with its requisite valves, would be in

connexion, by its exit pipe, with the lower part of the heating

cylinder B, as in fig. 102, and the higher part of the heating

cylinder would be, by its exit pipe, in connexion with the work-

ing cylinder G. The air on its final escape from C might be

conducted to the fire-place to urge the draught and the flame

of the furnace passing through the small tubes of the heating

cylinder.

The cylinders A and G with their pistons and valves would

require some lubricating liquid to keep them air-tight, and to

diminish friction, but the ordinary lubricating liquids, such as

oils, melted tallow, &c., would only be useful at temperatures
below their boiling points, and if we take approximately a = -^^
and f in the formula 490 above the temperature of the air at

which the pressure was p, we shall have

and this is perhaps, without actual experiment, as high as we

can take the pressure in the heating cylinder B, and perhaps

even higher than could be available in practice.

If A, B and G in fig. 103 are the same as in fig. 102 respec-

tively, but as seen from above through their mid-sections
;
we

see that the injecting air-pump A would not force any air into

B when the pressure was 2pt
within it (B) until it was com-

pressed in A into and less than half its original volume, by

Boyle's law
;
so that a variable expenditure of force during each

stroke of the piston of A would be required to keep B supplied

with injected air and of double the density of the atmospheric air

on its entrance into B. As the air rose upwards amongst the

hot tubes of B, and its elastic force was still 2p15
it would have

come to the density of atmospheric air again in supplying the
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space before occupied by the air in the upper part of B, which

has passed out into the working cylinder C with pressure 2pr

Let a be the area of each of the surfaces of the pistons of

the cylinders A and C. Let I be the length of the stroke of the

piston of A, then a . I is the volume of the atmospheric air

which is injected at each stroke of the piston, and which escapes

after performing work in the working cylinder (7, by its exit

pipe.

To find the work performed by the piston of the injecting

cylinder A whilst forcing the volume a . I of atmospheric air

into the heating cylinder B ;
let the cylinder A be filled with

air of atmospheric density, and pressure pl
at the commence-

ment of the stroke of the piston, and after any time let the

piston be forced down a distance s, when the pressure has be-

come p, and by Boyle's law

._L
P~I-'

then the work done by the piston in moving through the space

ds, with the atmospheric pressure p^ on one face, and the

pressure p on the opposite face, is

a(p-p1}ds)

and the whole work performed is

\a(p -p^ ds = ap 1
if

j Ij
ds

-oftftf- Hog. (*-)-},

taking the limits s = to s -= we have the work performed in

the first half stroke equal to

apj, {log. 2
-

4}
= apj ('6931472

-
-o}

=
apj, x 1931472,

and in the last half of the stroke of the injecting piston the

work done = (2^ p^ a ~ = ~
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So that the work done in the injecting cylinder, in each

stroke of the piston

=
apj. ('5 + 1931472)

= apjx '6931472.

The work generated in the working cylinder in each stroke

of the piston will consist of two parts, the first part being

generated by the full pressure 2px acting on one face of the

piston against the atmospheric pressurepl acting on the opposite

face, through the whole space I, and equal to apj,, when the

exit pipe from B is closed, and the heated air which has already

entered the cylinder C is allowed to act expansively against the

atmospheric pressure pl through some further space (n 1) I,

and until it has ceased to produce any more useful work. The

second part of the work generated is the integral of the variable

work through the space (n 1) I, to be found from Boyle's law

of the relation of the pressures and volumes.

Let s be the whole space passed through by the piston

at any time, when the pressure of the heated air is p, then

P I * *-- - or p = 2p
-

.

2p x
s

l
s

The work performed against the opposing atmospheric

pressure in the space ds is

and the whole work performed during the expansion through
the space (nl I) is

apt
II-- 1

J
ds = apt {21 log, s s} + C,

to be taken between the limits s = I and s = nl
}
and equal to

apj (2 log, n (n 1)}.

The practical value of n can only be found by experience,

the utmost theoretical value would be 2, neglecting changes of

temperature, because the pressure of the heated air would be

reduced to the atmospheric pressure when s = 21, and the resist-

ances from the friction of the working parts of the engine must

be considered as well as the atmospheric pressure.
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If we take n = f we have the work done by the expansion of

the heated air equal to

apj, (2 loge n-(n-l)} = apj, (2 x '4054651 - -5}

= -3109302 x apj, t

adding the work performed before expansion commenced, namely

apj,, we have

the whole work done = 1-3109302 x apj,.

Taking from this the work required for the injecting cylinder,

namely '6931472 x apj,, we have the resulting work available for

economic purposes equal to

6177830 x apj,.

If we take p^ the pressure of the atmosphere to be 15 Ibs.

per square inch, we have the work available for economic use

equal to

al x 15 x -6177830 = 9'266745 x a .1

pounds for every stroke of the pistons.

If we compare this with the expression Al x 7'25 pounds
which was found for the low-pressure steam-engine, and suppose
A a and I the same length of stroke of the pistons, we see

that the hot air engine has the advantage in economic force

produced. This however is only a part of the problem to be

solved experimentally, because the efficiency of the engine

depends on the number of strokes per minute (M) which the

engine can make, or the effective power will be

M.a.lx 9-266745 pounds.

The quantity Mai is the volume of air which the heating
reservoir can raise from the pressure pl

to the pressure 2p1
in

each minute of time; and this depends on the facility with

which the air acquires the caloric that it must possess, and

on the construction and size of the heating apparatus and its

attached fire-place. These can only be determined by experi-

ence.

The amount of caloric in equal volumes of steam and heated

air can be calculated from their known specific heats, compared
with that of an equal weight of water, but the economy of fuel

depends on the furnace and on the waste of heat which occurs.
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PEOP. To find the relative quantities of caloric required to

work the hot air engine and low-pressure condensing steam-engine,

when of equal power.

We may use approximate values of the data, and take the

weight of one hundred cubic inches of air to be 31 grains, the

weight of a cubic inch of water to be 252J grains, and the

specific heat of the air to be '24 when that of water is 1' for

equal weights.

For any given volume of water, the volume of air which has

252'5
the same weight will be -^- = 814'52 times that volume.

*ol

But the caloric which raises 814'5 volumes of air through

490 would only raise the equal weight of water through

490 x -24 = 117'6.

To convert water at the boiling point into steam of atmo-

spheric pressure requires the caloric which would raise the water

through 960 and would then produce 1637 volumes of steam

from each unit of volume of water.

Now twice the volume 814'5 is 1629 volumes, and to raise

this from the atmospheric pressure pl
to a pressure 2p i

would

require the caloric which would raise two units of volume of

water through 2 x 117'6 = 235'2, but this is less than one-

/960 \
fourth

(-T-
= 240

J
of the caloric required to produce the nearly

equal volume of steam of atmospheric pressure.

It thus appears that if the caloric could be communicated to

the air with facility, the hot air engine would have a great

advantage over the low-pressure steam-engine in respect to the

consumption of fuel.

The result of experience in America has been stated to be

that the heating reservoir and furnace are required to be so

very large and heavy for powerful hot air engines, as to render

them inadmissible for locomotive carriages and steam-boats :

but that for small stationary engines they have advantages
which recommend their use in preference to small steam-

engines.
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Others in preparation.

PUBLIC SCHOOL SERIES.
A Series of Classical Texts, annotated by well-knoivn Scholars. Cr. 8vo.

Aristophanes. The Peace. By F. A. Paley, M.A. 4s. Gd.

The Acharnians. By F. A. Paley, M.A. 4s. Gd.

The Frogs. By F. A. Paley, M.A. 4s. Gd.

Cicero. The Letters to Atticus. Bk. I. By A. Pretor, M.A. 4s. Gd.

Demosthenes de Falsa Legatione. By B. Shilleto, M.A. 6s.

The Law of Leptines. By B. W. Beatson, M.A. 3s. Gd.

Livy. Book XXI. Edited, with Introduction, Notes, and Maps,
by the Rev. L. D. Dowdall, M.A., B.D. 3s. 6d.

Plato. The Apology of Socrates and Critb. By W. Wagner, Ph.D.
8th Edition. 4s. 6d.

The Phffido. 7th Edition. By W. Wagner, Ph.D. 5s. Gd.

The Protagoras. 4th Edition. By W. Wayte, M.A. 4s. Gd.

The Euthyphro. 2nd Edition. By G. H. Wells, M.A. 3s.

The Euthydemus. By G. H. Wells, M.A. 4s.

The Piepublic. Books I. & II. By G. H. Wells, M.A. 5s. Gd.

Plautus. The Aulularia. By W. Wagner, Ph.D. 3rd Edition. 4s. Gd.

Trinummus. By W. Wagner, Ph.D. 3rd Edition. 4s. Gd.
The Menaechmei. By W. Wagner, Ph.D. 4s. Gd.

The Mostellaria. By Prof. E. A. Sonnenschein. 5s.

Sophoclis Trachinise. By A. Pretor, M.A. 4s. Gd.

Sophocles. Oedipus Tyrannus. By B. H. Kennedy, D.D. 5s.

Terence. By W. Wagiier, Ph.D. 10s. Gd.

Theocritus. By F. A. Paley, M.A. 4s. Gd.

Thucydides. Book VI. By T. W. Dougan, M.A., Fellow of St.
John's College, Cambridge. 6s.

Others in preparation.

CRITICAL AND ANNOTATED EDITIONS.
JEtna. By II. A. J. Munro, M.A. 3s. Gd.

Aristophanis Comcediae. By H. A. Holden, LL.D. 8vo. 2 vols.
23s. 6d. Plays sold separately.

Pax. By F. A. Paley, M.A. Fcap. 8vo. 4s. Gd.

Corpus Poetarum Latinorum. Edited by Walker. 1 vol. 8vo. 18.



George Bell and Sons'

Horace. Quinti Horatii Flacci Opera, By H. A. J. Munro, M.A.
Large 8vo. 11. Is.

Llvy. The first five Books. By J. Prendeville. 12mo. roan, 5*.

Or Books I.-TII. 3s. 6d. IV. and V. 3. 6d.

Lucretius. With Commentary by H. A. J. Munro. Immediately.
New Edition.

Ovid. P. Ovidii Nasonis Heroides XIV. By A. Palmer, M.A. 8vo.6*.

P. Ovidii Nasonis Ars Amatoria et Amores. By the Eev.
Herb. Williams, M.A. 3s. 6d. [2s. 6d.

Metamorphoses. Book XIII. By Chas. Haines Keane, M.A.

Propertius. Sex Aurelii Propertii Carmina. By F. A. Paley, M.A.
8vo. Cloth, 9s.

Sex Propertii Elegiarum. LibrilV. By A. Palmer. Fcap.Svo. 5s.

Sophocles. The Ajax. By C. E. Pahner, M.A. 4s. 6d.

The Oedipus Tyrannus. By B. H. Kennedy, D.D. With
a Commentary, containing selected Notes by the late T. H. Steel, M.A.
Crown 8vo. 8s.

Thucydides. The History of the Peloponnesian War. By Richard
ShiUeto, M.A. Book I. 8vo. 6s. 6d. Book II. 8vo. 5s. 6d.

LATIN AND GREEK CLASS-BOOKS.
Auxilia Latina. A Series of Progressive Latin Exercises. By

M. J.B.Baddelev.M.A. Fcap.Svo. Part I. Accidence. 2nd Edition, revised.

2s. Part II. 4th Edition, revised. 2s. Key to Part II. 2s. 6d.

Latin Prose Lessons. By Prof. Church, M.A. 6th Edit. Fcap.Svo.
2s. 6d.

Latin Exercises and Grammar Papers. By T. Collins, M.A. 5th
Edition. Fcap.Svo. 2s. 6d.

Unseen Papers in Latin Prose and Verse. With Examination
Questions. By T. Collins, M.A. 3rd Edition. Fcap. 8vo. 2s. 6d.

in Greek Prose and Verse. With Examination Questions.
By T. Collins, M.A. 2nd Edition. Fcap. 8vo. 3s.

Tales for Latin Prose Composition. With Notes and Vocabu-
lary. By G. H. Wells, M.A. 2s.

Latin Vocabularies for Repetition. By A. M. M. Stedman, M.A.
Fcap. 8vo. Is. 6d.

Analytical Latin Exercises. By C. P. Mason, B.A. 4th Edit.
Part I., Is. 6d. Part II., 2s. 6d.

Latin Mood Construction, Outlines of. With Exercises. By
the Rev. G. E. C. Casey, M.A., F.L.S., F.G.S. Small post 8vo. Is. 6d.

Latin of the Exercises. Is. 6d.

Scala Latina. Elementary Latin Exercises. By Rev. J. W.
Davis, M.A. New Edition, with Vocabulary. Fcap. 8vo. 2s. 6d.

Scala Grseca : a Series of Elementary Greek Exercises. By Eev. J.W.
Davis, M.A., and R. W. Baddeley, M.A. 3rd Edition. Fcap. 8vo. 2s. 6d.

Greek Verse Composition. By G. Preston, M.A. Crown 8vo. 4s. 6d.

Greek Particles and their Combinations according to Attic Usage.
A Short Treatise. By F. A. Paley, M.A. 2s. 6d.

BY THE REV. P. FBOST, M.A., ST. JOHN'S COLLEGE, CAMBRIDGE.

Eclogae Latinas ; or, First Latin Reading-Book, with English Notes
and a Dictionary. New Edition. Fcap. 8vo. 2s. 6d.

Materials for Latin Prose Composition. New Edition. Fcap.Svo.
2s. 6d. Key, 4s.

A Latin Verse-Book. An Introductory Work on Hexameters and
Pentameters. New Edition. Fcap. 8vo. 3s. Key, 5s.

Analecta Graeca Minora, with Introductory Sentences, English
Notes, and a Dictionary. New Edition. Fcap. 8vo. 3s. 6d.



Educational Works.

Materials for Greek Prose Composition. New Edit. Fcap. 8vo.
3s. 6d. Key, 5s.

Plorilegium Poeticum. Elegiac Extracts from Ovid and Tibullus.
New Edition. With Notes. Fcap. 8vo. 3s.

Anthologia G-rseca. A Selection of Choice Greek Poetry, with Notes.
By F. St. John Thackeray. 4t7i and Cheaper Edition. 16mo. 4s. 6d.

Anthoiogia Latina. A Selection of Choice Latin Poetry, from
Nzevius to Boethms, with Notes. By Rev. F. St. John Thackeray. Revised
and Cheaper Edition. 16mo. 4s. 6d.

BY H. A. HOLDEN, LL.D.
Foliorum Silvula. Part I. Passages for Translation into Latin

Elegiac and Heroic Verse. 10th Edition. Post 8vo. 7s. 6d.

Part II. Select Passages for Translation into Latin Lyrio
and Comic Iambic Verse. 3rd Edition. Post 8vo. 6s.

Part III. Select Passages for Translation into Greek Verse.
3rd Edition. Post 8vo. 8s.

Folia SilvulsB, sive EclogaB Poetarum Anglicorum in Latinum et
Grsecum converses. 8vo. Vol. II. 12s.

Foliorum CenturiaB. Select Passages for Translation into Latin
and Greek Prose. 9th Edition. Post 8vo. 8s.

TRANSLATIONS, SELECTIONS, &c.

%* Many of the following books are well adapted for School Prizes.

JEschylus. Translated into English Prose by F. A. Paley, M.A.
2nd Edition. 8vo. 7s. 6d.

Translated into English Verse by Anna Swanwick. Post
8vo. 5s.

Homer. The Iliad. Books I.-IV. Translated into English
Hexameter Verse by Henry Smith Wright, B.A. Royal 8vo. 5s.

Horace. The Odes and Carmen Sfficulare. In English Verse by
J. Conington, M.A. 9th edition. Fcap. 8vo. 5s. 6d.

The Satires and Epistles. In English Verse by J. Coning-
ton, M.A. 6th edition. 6s. 6d.

Illustrated from Antique Gems by C. W. King, M.A. The
text revised with Introduction by H. A. J. Munro, M.A. Large 8vo. II. Is.

- Translations from. By Sir Stephen E. de Vere, Bart.,
with Latin Text. Crown 8vo. 3s. 6d.

Horace's Odes. Englished and Imitated by various hands. Edited
by C. W. F. Cooper. Crown 8vo. 6s. 6d.

Lusus Intercisi. Verses, Translated and Original, by H. J.

Hodgson, M.A., formerly Fellow of Trinity College, Cambridge. 5s.

Propertius. Verse Translations from Book V., with revised Latin
Text. By F. A. Paley, M.A. Fcap. 8vo. 3s.

Plato. Gorgias. Translated by E. M. Cope, M.A. 8vo. 7s.

Philebus. Translated by F. A. Paley, M.A. Small 8vo. 4*.

Theaetetus. Translatedby F.. A. Paley, M.A. Small 8vo. 4*.

Analysis andIndex of theDialogues. ByDr.Day. PostSvo.os.
Beddenda Reddita : Passages from English Poetry, with a Latin

Verse Translation. By F. E. Gretton. Crown 8vo. 6s.

Sabrinae Corolla in Hortulis Eegiae Scholse Salopiensis contexuerunt
tres viri floribus legendis. Editio tertia. 8vo. 8s. 6d.

Theocritus. In English Verse, by C. S. Calverley, M.A. New
Edition, revised. Crown 8vo. 7s. 6d.

Translations into English and Latin. By C. S. Calverley, M.A.
PostSvo. 7s. 6d.
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Translations into Greek and Latin Verse. By B. C. Jebb. 4to.
cloth ffilt. 10s. 6d.

into English, Latin, and Greek. By K. C. Jebb, M.A
,

H. Jackson, Litt.D., and W. E. Currey, M.A. Second Edition. 8s.

Between Whiles. Translations by Rev. B. H. Kennedy, D.D.
2nd Edition, revised. Crown 8vo. 5s.

REFERENCE VOLUMES.
A Latin Grammar. By Albert Harkness. Post 8vo. 6s.

By T. H. Key, M.A. 6th Thousand. Post 8vo. Ss.

A Short Latin Grammar for Schools. By T. H. Key, M.A.
F.R.S. 15th Edition. PostSvo. 3s. 6d.

A Guide to the Choice of Classical Books. By J. B. Mayor, M.A.
3rd Edition, with a Supplementary List. Crown 8vo. 4e. 6d. Supple-
mentary List, Is. 6d.

The Theatre of the Greeks. By J. W. Donaldson, DJ). 8th
Edition. Post 8vo. 5s.

Keightley's Mythology of Greece and Italy. 4th Edition. 5*.

A Dictionary of Latin and Greek Quotations. By H. T. Kiley.
Post 8vo. 5s. With Index Verborum, 6s.

A History of Roman Literature. By W. S. Teuffel, Professor at
the University of Tubingen. By W. "Wagner, Ph.D. 2 vols. Demy 8vo. 21s.

Student's Guide to the University of Cambridge. 4th Edition
revised. Fcap. 8vo. 6s. 6d. ; or in Parts. Part 1, 2s. 6d. ; Parts 2 to 9, Is.

each.

CLASSICAL TABLES.
Latin Accidence. By the Rev. P. Frost, M.A. 1*.

Latin Versification. Is.

Notabilia Queedam ; or the Principal Tenses of most ol the

Irregular Greek Verbs and Elementary Greek, Latin, and French Con-
struction. New Edition. Is.

Richmond Rules for the Ovidian Distich, &c. By J. Tate,
M.A. is.

The Principles of Latin Syntax. 1*.

Greek Verbs. A Catalogue of Verbs, Irregular and Defective ; their

leading formations, tenses, and inflexions, with Paradigms for conjugation,
Kules for formation of tenses, &c. &c. By J. S. Baird, T.C.D. 2s. 6d.

Greek Accents (Notes on). By A. Barry, D.D. New Edition. 1$.

Homeric Dialect. Its Leading Forms and Peculiarities. By J. S.

Baird, T.C.D. New Edition, by W. G. Rutherford. Is.

Greek Accidence. By the Eev. P. Frost, M.A. New Edition. Is.

CAMBRIDGE MATHEMATICAL SERIES.
Algebra. Choice and Chance. By W. A. Whitworth, M.A. 3r

Edition. 6s.

Euclid. Exercises on Euclid and in Modern Geometry. By
J. McDowell, M.A. 3rd Edition. 6s.

Trigonometry. Plane. By Kev.T.Vyvyan,M.A. 3rd Edit. 3*. Gd.

Geometrical Conic Sections. By H. G. Willis, M.A. Man-
chester Grammar School. 7s. 6d.

Conies. The Elementary Geometry of. 4th Edition. By C.Taylor,
D.D. 4s. 6d.
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Solid Geometry. By W. S. Aldis, M.A. 3rd Edition. 6s.

Rigid Dynamics. By W. S. Aldis, M.A. 4s.

Elementary Dynamics. By W. Garnett, M.A, 3rd Edition. 6s.

Dynamics. A Treatise on. By W. H. Besant, D.Sc., F.K.S. 7s. Gd.

Heat. An Elementary Treatise. By W. Garnett, M.A. 3rd Edit.
3s. 6d.

Hydromechanics. By W. H. Besant, M.A., F.E.S. 4th Edition.
Part I. Hydrostatics. 5s.

Mechanics. Problems in Elementary. By W. Walton, M.A. 6s.

CAMBRIDGE SCHOOL AND COLLEGE
TEXT-BOOKS.

A Series of Elementary Treatises for the use of Students in the

Universities, Schools, and Candidates for the Public
Examinations. Fcap. 8vo.

Arithmetic. By Eev. C. Elsee, M.A. Fcap. 8vo. 12th Edit. Bs.Qd.

Algebra. By the Eev. C. Elsee, M.A. 6th Edit. 4s.

Arithmetic. By A. Wrigley, M.A. 3s. 6d.

A Progressive Course of Examples. With Answers. By
J. Watson, M.A. 5th Edition. 2s. 6d.

Algebra. Progressive Course of Examples. By Eev. W. F.
M'Michael, M.A., and R.Prowde Smith, M.A. 4th Edition. 3s. 6d. With
Answers. 4s. 6d.

Plane Astronomy, An Introduction to. By P. T. Main, M.A.
5th Edition. 4s.

Conic Sections treated Geometrically. By W. H, Besant, M.A.
5th Edition. 4s. 6d. Solution to the Examples. 4s.

Elementary Conic Sections treated Geometrically. By W. H.
Besant, M.A. [In the press.

Conies. Enunciations and Figures. By W. H. Besant, M.A. Is. 6d.

Statics, Elementary. By Eev. H. Goodwin, D.D. 2nd Edit. s.

Hydrostatics, Elementary. By W. H. Besant, M.A. llth Edit 4*.

Mensuration, An Elementary Treatise on. By B. T. Moore, M.A 6s.

Newton's Principia, The First Three Sections of, with an Api en-
dix

; and the Ninth and Eleventh Sections. By J. H. Evans, M.A. 5th
Edition, by P. T. Main, M.A. 4s.

Optics, Geometrical. With Answers. By W. S. Aldis, M.A. 3s. 6d.

Analytical Geometry for Schools. ByT.G.Vyvyan. 4th Edit. 4s. Qd.

Greek Testament, Companion to the. By A. C. Barrett, A.M.
5th Edition, revised. Fcap. 8vo. 5s.

Book of Common Prayer, An Historical and Explanatory Treatise
on the. By W. G. Humphry, B.D. 6th Edition. Fcap. 8vo. 2s. Gd.

Music, Text-book of. By H. C. Banister. 12th Edit, revised. 5*.

Concise History of. By Eev. H. G. Bonavia Hunt, B. Mus.
Oxon. 7th Edition revised. 3s. 6d.

ARITHMETIC AND ALGEBRA.
See foregoing Series.
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GEOMETRY AND EUCLID.
Euclid. The Definitions of, with Explanations and Exercises,

and an Appendix of Exercises on the First Book. By R. Webb, M.A.
Crown 8vo. Is. 6d.

Book I. With Notes and Exercises for the use of Pre-

paratory Schools, &c. By Braithwaite Arnett, M.A. 8vo. 4s. 6d.

The First Two Books explained to Beginners. By C. P.
Mason, B.A. 2nd Edition. Fcap. 8vo. 2s. 6d.

The Enunciations and Figures to Euclid's Elements. By Kev.
J. Brasse, D.D. New Edition. Fcap.Svo. Is. On Cards, in case, 5s.

Without the Figures, 6d.

Exercises on Euclid and in Modern Geometry. By J. McDowell,
B.A. Crown 8vo. 3rd Edition revised. 6s.

Geometrical Conic Sections. By H. G. Willis, M.A. 7s. Qd.

Geometrical Conic Sections. By W. H. Besant, M.A. 5th Edit,
4>s. Qd. Solution to the Examples. 4s.

Elementary Geometrical Conic Sections. By W. H. Besant,
M.A. fin the press.

Elementary Geometry of Conies. By C. Taylor, D.D. 4th Edit.
8vo. 4s. 6d.

An Introduction to Ancient and Modern Geometry of Conies.
By C. Taylor, M.A. 8vo. 15s.

Solutions of Geometrical Problems, proposed at St. John's
College from 1830 to 1846. By T. Gaskin, M.A. 8vo. 12s.

TRIGONOMETRY.
Trigonometry, Introduction to Plane. By Eev. T. G. Vyvyan,

Charterhouse. 3rd Edition. Cr. 8vo. 3s. 6d.

An Elementary Treatise on Mensuration. By B. T. Moore,
M.A. 5s.

ANALYTICAL GEOMETRY
AND DIFFERENTIAL CALCULUS.

An Introduction to Analytical Plane Geometry. By W. P.
Turnbull, M.A. 8vo. 12s.

Problems on the Principles of Plane Co-ordinate Geometry.
By W. Walton, M.A. 8vo. 16s.

Trilinear Co-ordinates, and Modern Analytical Geometry of
Two Dimensions. Ey W. A. Whitworth, M.A. 8vo. 16s.

An Elementary Treatise on Solid Geometry. By W. S. Aldis,
M.A. 3rd Edition revised. Cr. 8vo. 6s.

Elementary Treatise on the Differential Calculus. By M.
O'Brien, M.A. 8vo. 10s. 6d.

Elliptic Functions, Elementary Treatise on. By A. Cayley, M.A.
Demy 8vo. 15s.

MECHANICS & NATURAL PHILOSOPHY.
Statics, Elementary. By H. Goodwin, D.D. Fcap. 8vo. 2nd

Edition. 3s.

Dynamics, A Treatise on Elementary. By W. Garnett, M.A.
3rd Edition. Crown 8vo. 6s.



Educational Works. 9

Dynamics. Eigid. By W. S. Aldis, M.A. 4s.

Dynamics. A Treatise on. By W. H. Besant, D.Sc.,F.B.S. Is. Qd.

Elementary Mechanics, Problems in. By "W. Walton, M.A. New
Edition. Crown 8vo. 6s.

Theoretical Mechanics, Problems in. By W. Walton. 2nd Edit,
revised and enlarged. Demy 8vo. 16s.

Hydrostatics. ByW.H. Besant, M.A. Fcap.Svo. llth Edition. 4*.

Hydromechanics, A Treatise on. By W. H. Besant, M.A., F.E.S.
8vo. 4th Edition, revised. Part I. Hydrostatics. 5s.

Optics, Geometrical. By W. S. Aldis, M.A. Fcap. 8vo. 3s. 6<Z.

Double Eefraction, A Chapter on Fresnel's Theory of. By W. S.

Aldis, M.A. 8vo. 2s.

Heat, An Elementary Treatise on. By W. Garnett, M.A. Crown
8vo. 3rd Edition revised. 3s. 6d.

Newton's Principia, The First Three Sections of, with an Appen-
dix ; and the Ninth and Eleventh Sections. By J. H. Evans, M.A. 5th
Edition. Edited by P. T. Main, M.A. 4s.

Astronomy, An Introduction to Plane. By P. T. Main, M.A.
Fcap. 8vo. cloth. 4s,

Astronomy, Practical and Spherical. By E. Main, M.A. 8vo. 14a.

Astronomy, Elementary Chapters on, from the 'Astronomie
Physique' of Biot. By H. Goodwin, D.D. 8vo. 3s. 6d.

Pure Mathematics and Natural Philosophy, A Compendium of
Facts and Formulae in. By G. R. Smalley. 2nd Edition, revised by
J. McDowell, M.A. Fcap. 8vo. 3s. 6d.

Elementary Mathematical Formulee. By the Eev. T. W. Open-
shaw. Is. 6d.

Elementary Course of Mathematics. By H. Goodwin, D.D.
6th Edition. 8vo. 16s.

Problems and Examples, adapted to the '

Elementary Course of
Mathematics.' 3rd Edition. 8vo. 5s.

Solutions of Goodwin's Collection of Problems and Examples.
By W. W. Hutt, M.A. 3rd Edition, revised and enlarged. 8vo. 9s.

Mechanics of Construction. With numerous Examples. By
S. Fenwick, F.R.A.S. 8vo. 12s.

TECHNOLOGICAL HANDBOOKS.
Edited by H. TEUEMAN WOOD, Secretary of the

Society of Arts.

1. Dyeing and Tissue Printing. By W. Crookes, F.E.S. 5s.

2. Glass Manufacture. ByHenry Chance, M.A.; H.J.Powell, B.A.;
and H. G. Harris. 3s. 6<J.

3. Cotton Manufacture. By Eichard Marsden, Esq., of Man-
chester. 6s. 6d.

4. Chemistry of Coal-Tar Colours. By Prof. Benedikt. Trans.
lated by Dr. Kuecht of Bradford. 5s.
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HISTORY, TOPOGRAPHY, &c.

Rome and the Campagna. By E. Burn, M.A. With 85 En-
gravinga and 26 Maps and Plans. With Appendix. 4to. 31. 3s.

Old Rome. A Handbook for Travellers. By B. Burn, M.A.
With Maps and Plans. Demy 8vo. 10s. 6d.

Modern Europe. By Dr. T. H. Dyer. 2nd Edition, revised and
continued. 5 vols. Demy 8vo. 21. 12s. 6d.

The History of the Kings of Rome. By Dr. T. H. Dyer. 8vo. 16s.

The History of Pompeii: its Buildings and Antiquities. By
T. H. Dyer. 3rd Edition, brought down to 1874. Post 8vo. 7s. 6d.

The City of Rome : its History and Monuments. 2nd Edition
revised by T. H. Dyer. 5s.

Ancient Athens: its History, Topography, and Kemains. By
T. H. Dyer. Super-royal 8vo. Cloth. 11. 5s.

The Decline of the Roman Republic. By G. Long. 5 vols.
8vo. 14s. each.

A History of England during the Early and Middle Ages. By
0. H. Pearson, M.A. 2nd Edition revised and enlarged. 8vo. Vol. I.

16s. Vol. II. 14a.

Historical Maps of England. By C. H. Pearson. Folio. 3rd
Edition revised. 31s. 6d.

History of England, 1800-15. By Harriet Martineau, with new
and copious ladex. 1 vol. 3s. 6d.

History of the Thirty Years' Peace, 1815-46. By Harriet Mar-
tineau. 4 vols. 3s. 6d. each.

A Practical Synopsis of English History. By A. Bowes. 4th
Edition. 8vo. 2s.

Lives of the Queens of England. By A. Strickland. Library
Edition, 8 vols. 7s. 6d. each. Cheaper Edition, 6 vols. 5s. each. Abridged
Edition, 1 vol. 6s. 6d.

Eginhard's Life of Karl the Great (Charlemagne). Transla
with Notes, by W. Glaister, M.A., B.G.L. Crown 8vo. 4s. 6d.

Outlines of Indian History. By A. W. Hughes. Small Po
8vo. 3s. 6d.

The Elements of General History. By Prof. Tytler. New
Edition, brought down to 1874. Small Post 8vo. 3s. 6d.

ATLASES.

An Atlas of Classical Geography. 24 Maps. By W. Hugh
and G. Long, M.A. New Edition. Imperial 8vo. 12s. 6d.

A Grammar-School Atlas of Classical Geography. Ten Map
selected from the above. New Edition. Imperial 8vo. 5s.

First Classical Maps. By the Eev. J. Tate, M.A. 3rd Edition.

Imperial 8vo. 7s. 6d.

Standard Library Atlas of Classical Geography. Imp. 8vo. 7s. 6J.
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PHILOLOGY.
WEBSTER'S DICTIONARY OF THE ENGLISH LAN-

GUAGE. With Dr. Mahn's Etymology. 1 vol. 1628 pages, 3000 Illus-

trations. 21s. With Appendices and 70 additional pages of Illustra-

tions, 1919 pages, 31s. 6d.
*THE BEST PRACTICAL ENGLISH DICTIONARY EXTANT.' Quarterly Review, 1873.

Prospectuses, with specimen pages, post free on application.

Richardson's Philological Dictionary of the English Language.
Combining Explanation with Etymology, and copiously illustrated by
Quotations from the best Authorities. With a Supplement. 2 vols. 4to.

41. 14s. 6d.; half russia, 51. 15s. 6d.j russia, 61. 12s. Supplement separately.
4to. 12s.

An 8vo. Edit, without the Quotations, 15s.; half russia, 20s.; russia, 24s.

Supplementary English Glossary. Containing 12,000 Words and
Meanings occurring in English Literature, not found in any other

Dictionary. By Rev. T. L. O. Davies. Demy 8vo. 16s.

Folk-Etymology. A Dictionary of Words perverted in Form or

Meaning by False Derivation or Mistaken Analogy. By Rev. A. S. Palmer.

Demy 8vo. 21s.

Brief History of the English Language. By Prof. James Hadley,
LL.D., Yale College. Fcap. 8vo. Is.

The Elements of the English Language. By E. Adams, Ph.D.
20th Edition. Post 8vo. 4s. 6d.

Philological Essays. By T. H. Key, M.A., F.R.S. 8vo. 10s. 6d.

Language, its Origin and Development. By T. H. Key, M.A.,
F.R.S. 8vo. 14^.

Synonyms and Antonyms of the English Language. By Arch-
deacon Smith. 2nd Edition. Post 8vo. 5s.

Synonyms Discriminated. By Archdeacon Smith. Demy 8vo.
2nd Edition revised. 14s.

Bible English. Chapters on Words and Phrases in the Bible and
Prayer Book. By Rev. T. L. O. Davies. 5s.

The Queen's English. A Manual of Idiom and Usage. By the
late Dean Alford 6th Edition. Fcap. 8vo. 5s.

A History of English Rhythms. By Edwin Guest, M. A., D.C.L.,
LL.D. New Edition, by Professor W/W. Skeat. Demy 8vo. 18s.

Etymological Glossary of nearly 2500 English Words de-
rived from the Greek. By the Rev. E. J. Boyce. Fcap. 8vo. 3s. 6d.

A Syriac Grammar. By G. Phillips, D.D. 3rd Edition, enlarged.
8vo. 7s. 6d.

DIVINITY, MORAL PHILOSOPHY, &c.

Novum Testamentum Grsecum, Textus Stephanici, 1550. By
F. H. Scrivener, A.M., LL.D., D.C.L. New Edition. 16mo. 4s. 6d. Also
on Writing Paper, with Wide Margin. Half-bound. 12s.

By the same Author.

Codex Bezee Cantabrigiensis. 4to. 26s.

A Plain Introduction to the Criticism of the New Testament.
With Forty Facsimiles from Ancient Manuscripts. 3rd Edition. 8vo. 18s.

Six Lectures on the Text of the New Testament. For English
Readers. Crown 8vo. 6s.
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A Guide to the Textual Criticism of the New Testament.
By the Rev. Edward Miller, M.A. Crown Svo. 4s.

The New Testament for English Readers. By the late H. Alford,
D.D. Vol. I. Part I. 3rd Edit. 12s. Vol. I. Part II. 2nd Edit. 10s. 6d.

Vol. II. Part I. 2nd Edit. 16s. Vol. II. Part II. 2nd Edit. 16s.

The Greek Testament. By the late H. Alford, D.D. Vol. I. 6th
Edit. 11. 8s. Vol. II. 6th Edit. 11. 4s. Vol. III. 5th Edit. 18s. Vol. IV.
Part I. 4th Edit. 18s. Vol. IV. Part II. 4th Edit. 14s. Vol. IV. 11. 12s.

Companion to the Greek Testament. By A. C. Barrett, M.A.
5th Edition, revised. Fcap. Svo. 5s.

The Book of Psalms. A New Translation, with Introductions, &o.

By the Very Eev. J. J. Stewart Perowne, D.D. Svo. Vol. I. 5th Edition,
18s. Vol. II. 5th Edit. 16s.

Abridged for Schools. 5th Edition. Crown Svo. 10*. 6d.

History of the Articles of Religion. By C. H. Hardwick. 3rd
Edition. Post Svo. 5s.

History of the Creeds. By J. K. Lumby, D.D. 2nd Edition.

Crown Svo. 7s. 6d.

Pearson on the Creed. Carefully printed from an early edition.

With Analysis and Index by E. Walford, M.A. Post Svo. 5s.

Liturgies and Offices of the Church, for the use of English
Readers, in Illustration of the Book of Common Prayer. By the Rev.

Edward BurVridge, M.A. Crown Svo. 9s.

An Historical and Explanatory Treatise on the Book of

Common Prayer By Rev. W. G. Humphry, B.D. 6th Edition, enlarged.
Small Post Svo. 2s. 6d. ; Cheap Edition, Is.

A Commentary on the Gospels, Epistles, and Acts of the

Apostles. By Rev. W. Denton, A.M. New Edition. 7 vols. Svo. 18s.

oiK-li, except Vol. II. of the Acts, 14s. Sold separately.

Notes on the Catechism. By Kt. Rev. Bishop Barry. 7th Edit.

Fcap. 2s.

Catechetical Hints and Helps. By Rev. E. J. Boyce, M.A. 4th

Edition, revised. Fcap. 2s. 6d.

Examination Papers on Religious Instruction. By Rev. E. J.

Boyce. Sewed. Is. 6d.

The Winton Church Catechist. Questions and Answers on the

Teaching of the Church Catechism. By the late Rev. J. S. B. Monsell,
LL.D. 4th Edition. Cloth, 3s. ; or in Four Parts, sewed.

The Church Teacher's Manual of Christian Instruction. By
Rev. M. F. Sadler. 34th Thousand. 2s. 6d.

Easy Lessons on the Church Catechism, for Sunday Schools.

By Rev. B. T. Barnes. ls.6d.

Butler's Analogy of Religion; with Introduction and Index by
Rev. Dr. Steere. New Edition. Fcap. 3s. 6d.

Kent's Commentary on International Law. By J. T. Abdy,
LL.D. New and Cheap Edition. Crown Svo. 10s. 6d.

A Manual of the Roman Civil Law. By G. Leapingwell, LL.D.
Svo. 12s.

Essays on some Disputed Questions in Modern International
Law. By T. J. Lawrence, M.A., LL.M. 2nd Edition, revised and en-

larged. Post Svo. 6s.
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FOREIGN CLASSICS.
A Series for use, in Schools, with English Notes, grammatical and

explanatory, and renderings of difficult idiomatic expressions.

Fcap. Qvo.

Schiller's WaUenstein. By Dr. A. Buchheim. 5th Edit. 5*.

Or the Lager and Piccolomini, 2s. 6d. WaUenstein's Tod, 2s. 6d.

Maid of Orleans. By Dr. W. Wagner. Is. Qd.

Maria Stuart. By V. Kastner. Is. 6d.

Goethe's Hermann and Dorothea. By E. Bell, M.A., and
E. Wolfel. Is. 6d.

German Ballads, from Uhland, Goethe, and Schiller. By C. L.
Bielefeld. 3rd Edition. Is. 6d.

Charles XII., par Voltaire. By L. Direy. 4th Edition. Is. 6d.

Aventures de Telemaque, par Fenelon. By C. J. Delille. 4th
Edition. 2s. 6d.

Select Fables of La Fontaine. By F. E. A. Gasc. 18th Edit. Is. Gd.

Picciola, by X.B. Saintine. By Dr.Dubuc. 15th Thousand. Is. 6d.

Lamartine's Le Tailleur de Pierres de Saint-Point. Edited,
with Notes, by J. Bo'ielle, Senior French Master, Dulwich Colleare. 2nd
Edition. Fcap. 8vo. Is. 6d.

Italian Primer. By Eev. A. C. Clapin, M.A. Fcap. 8vo. Is.

FRENCH CLASS-BOOKS.
French Grammar for Public Schools. By Eev. A. C. Clapin, M.A.

Fcap. 8vo. llth Edition, revised. 2s. 6d.

French Primer. By Eev. A. C. Clapin, M.A. Fcap. 8vo. 6th Edit.
Is.

Primer of French Philology. By Kev. A. C. Clapin. Fcap. 8vo.
2nd Edit. Is.

Le Nouveau Tresor; or, French Student's Companion. By
M. E. S. 18th Edition. Fcap. 8vo. Is. 6d.

French Examination Papers in Miscellaneous Grammar and
Idioms. Compiled by A. M. M. Stedman, M.A. Crown 8vo. 2s. 6d.

Manual of French Prosody. By Arthur Gosset, M.A. Crown
8vo. 3s.

F. E. A. GASC'S FEENCH COUESE.
First French Book. Fcap. 8vo. 96th Thousand. Is. 6d.

Second French Book. 42nd Thousand. Fcap. 8vo. 2s. Gd.

Key to First and Second French Books. 4th Edit. Fcp. 8vo. 3s. 6d.

French Fables for Beginners, in Prose, with Index. 15th Thousand.
12mo. 2s.

Select Fables of La Fontaine. New Edition. Fcap. 8vo. 3s.

Histoires Amusantes et Instructives. With Notes. 15th Thou.
sand. Fcap. 8vo. 2s. 6d

Practical Guide to Modern French Conversation. 15th Thou-
sand. Fcap. 8vo. 2s. 6<J.

French Poetry for the Young. With Notes. 5th Edition. Fcap.
8ro. 2s.
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Materials for French Prose Composition; or, Selections from
the best English Prose Writers. 17th Thousand. Fcap. 8vo. 4s. 6d.

Key, 6s.

Prosateurs Contemporains. With Notes. 9th Edition, re-

vised. 12mo. 5s.

Le Petit Compagnon ;
a French Talk-Book for Little Children.

llth Thousand. 16mo. 2s. 6d.

An Improved Modern Pocket Dictionary of the French and
English Languages. 36th Thousand, with Additions. 16mo. Cloth. 4s.

Also in 2 vols. in neat leatherette, 5s.

Modern French-English and English-French Dictionary. 3rd
and Cheaper Edition, revised. In 1 vol. 10s. 6d.

The ABC Tourists' French Interpreter of all Immediate
Wants.. By F. E. A. Gasc. Is.

GOMBEET'S FKENCH DKAMA.
Being a Selection of the best Tragedies and Comedies of Moliere,

Racine, Corneille, and Voltaire. With Arguments and Notes by A.
Gombert. New Edition, revised by F. E. A. Gasc. Fcap. 8vo. Is. each ;

sewed, 6d. CONTENTS.
MOLIERE : Le Misanthrope. L'Avare. Le Bourgeois Gentilhomme. Le

Tartutfe. Le Malade Imaginaire. Lea Femmes Savantes. Les Fourberiea
de Scapin. Les Pre"cieuses Ridicules. L'Ecole des Femmes. L'Ecole des
Maria. Le Me"decin malgr^ Lui.

RACINE : Ph^dre. Esther. Athalie. Iphigenie. Les Plaideurs. La
The"baide ; ou, Les Freres Ennemis. Andromaque. Britannicua.

PJ COENEILLE : Le Cid. Horace. Cinna. Polyeucte.
VOLTAIRE : Zaire.

GERMAN CLASS-BOOKS.
Materials for German Prose Composition. By Dr. Buchheim

10th Edition, thoroughly revised. Fcap. 4s. 6d. Key, Parts I. and II., 3s.

Parts III. and IV., 4s.

Advanced German Course. Comprising Materials for Trans-
lation, Grammar, and Conversation. By F. Lange, Ph.D., Professor
R. M. A. Woolwich. Crown 8vo- Is. 6d.

GEKMAN SCHOOL CLASSICS.
Meister Martin, der Kiifner. Erziihlung von E. T. A. Hoffman.

Edited byF. Lange, Ph.D., Professor, Royal Military Academy, Woolwich.
Fcap. 8vo. Is. 6d.

Hans Lange. Schauspiel von Paul Heyse. Edited by A. A.
Macdonell, M.A., Ph.D., Taylorian Teacher, University, Oxford. Autho-
rised Edition. Fcap. 8vo. 2s.

Auf Wache. Novelle von Berthold Auerbach. DEB GEFROBENE
Kxrss. Novelle von Otto Roqnette. Edited by A. A. Macdonell, M.A.
-Authorised Edition, fcap. 8vo. 2s.

Wortfolge, or Rules and Exercises on the Order of Words in
German Sentences. By Dr. F. Stock. Is. 6d.

A German Grammar for Public Schools. By the Rev. A. C.
ClapinandF. Holl Muller. 3rd Edition. Fcap. 2s. 6d.

A German Primer, with Exercises. By Kev. A. C. Clapin. Is.

Kotzebue's Der Gefangene. With Notes by Dr. W. Stromberg. Is.
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ENGLISH CLASS-BOOKS.
A Brief History of the English Language. By Prof. Jas. Hadley,

LL.D., of Yale College. Fcap. 8vo. Is.

The Elements of the English Language. By E. Adams, Ph.D.
20th Edition. Post 8vo. 4s. 6d.

The Rudiments of English Grammar and Analysis. By
B. Adams, Ph.D. 15th Thousand. Fcap. 8vo. 2s.

A Concise System of Parsing. By L. E. Adams, B.A. Fcap. 8vo.
Is. 6d.

By C. P. MASON, Fellow of Univ. Coll. London.

First Notions of Grammar for Young Learners. Fcap. 8vo.
21st Thousand. Cloth. 8d.

First Steps in English Grammar for Junior Classes. Demy
18mo. 38th Thousand. Is.

Outlines of English Grammar for the uge of Junior Classes.
53rd Thousand. Crown Svo. 2s.

English Grammar, including the Principles of Grammatical
Analysis. 28th Edition. 110th Thousand. Crown Svo. 3s. 6d.

A Shorter English Grammar, with copious Exercises. 21st Thou-
sand. Crown Svo. 3s. 6d.

English Grammar Practice, being the Exercises separately. Is.

Code Standard Grammars. Parts I. and II. 2d. each. Parts III.,

IV., and V., 3d. each.

Practical Hints on Teaching. By Eev. J. Menet, M.A. 6th Edit.
revised. Crown Svo. cloth, 2s. 6cZ. ; paper, 2s.

How to Earn the Merit Grant. A Manual of School Manage-
ment. By H. Major, B.A., B.Sc. 2nd Edit, revised. Part I. Infant
School, 3s. Part II. 4s. Complete, 6s.

Test Lessons in Dictation. 3rd Edition. Paper cover, Is. Qd.

Drawing Copies. By P. H. Delamotte. Oblong Svo. 12s. Sold
also in parts at Is. each.

Poetry for the Schoolroom. New Edition. Fcap. Svo. Is. Qd.

The Botanist's Pocket-Book. With a copious Index. By W. E.
Hayward. 4th Edit, revised. Crown Svo. cloth limp. 4s. 6d.

Experimental Chemistry, founded on the Work of Dr. Stockhardt.
By C. W. Heaton. Post Svo. 5s.

Picture School-Books. In Simple Language, with numerous
Illustrations. Royal 16mo.

The Infant's Primer. 3d. School Primer. 6d. School Reader. By J.

TUleard. Is. Poetry Book for Schools. Is. The Life of Joseph. Is. The
Scripture Parables. By the Rev. J. E. Clarke. Is. The Scripture Miracles.

By the Rev. J. E. Clarke. Is. The New Testament History. By the Rev.
J. Q-. Wood, M.A. Is. The Old Testament History. By the Rev. J. G.
Wood, M.A. Is. The Story of Bunyan's Pilgrim's Progress. Is. The Life
of Christopher Columbus. By Sarah Crompton. Js. The Life of Martin
Luther. By Sarah Crompton. la.
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BOOKS FOR YOUNG READERS.
A Series ofHeadingBooks designed tofacilitate the acquisition ofthepower

ofReading by very young Children. In 9 vols. limp cloth, Qd. each.

The Old Boathouse. Bell and Fan
; or, A Cold Dip.

Tot and the Cat. A Bit of Cake. The Jay. The
Black Hen's Nest. Tom and Ned. Mrs. Bee.

The Cat and the Hen. Sam and his Dog Red-leg.
Bob and Tom Lee. A Wreck.

The New-born Lamb. The Rosewood Box. Poor
Fan. Sheep Dog.

The Story of Three Monkeys.
Story of a Cat. Told by Herself.

The Blind Boy. The Mute Girl. A New Tale of
Babes in a Wood.

The Dey and the Knight. The New Bank Note.
The Royal Visit. A Kins' s Walk on a Winter's Day.

Queen Bee and Busy Bee.
Gull's Crag.
A First Book of Geography. By the Eev. C. A. Johns.

Illustrated. Double size, Is.

Suitable

for
Infants.

Suitable

for
Standards
I. & II.

BELL'S READING-BOOKS.
FOR SCHOOLS AND PAROCHIAL LIBRARIES.

The popularity of the ' Books for Young Readers '
is a sufficient proof tha

teachers and pupils alike approve of the use of interesting stories, in place of
the dry combination of letters and syllables, of which elementary reading-books
generally consist. The Publishers have therefore thought it advisable to extend
the application of this principle to books adapted for more advanced readers.

Now Ready. Post Qvo. Strongly bound in cloth, Is. each.
Grimm's German Tales. (Selected.)
Andersen's Danish Tales. Illustrated. (Selected.)
Great Englishmen. Short Lives for Young Children.

Great Englishwomen. Short Lives of.

Great Scotsmen. Short Lives of.

Masterman Ready. ByCapt. Marryat. Illus. (Abgd.)

Friends in Fur and Feathers. By Gwynfryn.
Parables from Nature. (Selected.) By Mrs. Gatty.
Lamb's Tales from Shakespeare. (Selected.)

Edgeworth's Tales. (A Selection.)
Gulliver's Travels. (Abridged.)
Robinson Crusoe. Illustrated.

Arabian Nights. (A Selection Rewritten.)
Light of Truth. By Mrs. Gatty.

The Vicar of Wakefleld.
Settlers in Canada. By Capt. Marryat. (Abridged.)
Marie : Glimpses of Life hi France. ByA. E. Ellis.

Poetry for Boys. Selected by D. Munro.
Southey's Life of Nelson. (Abridged.)
Life ofthe Duke ofWellington, withMaps and Plans.
Sir Roger de Coverley and other Essays from the

Spectator.

Tales of the Coast. By J. Runciman.
Others in preparation. I

London : Printed by STRANGEWATS & SONS, Tower Street, St. Martin's Lane.

Suitable

for
Standards
III. & IV

Standards
IV. & V.

Standards
V. VI. &

VII.
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